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Thie xs voluae ^ne ^of ^thr^j^olume set for teachers 
- usiiq SaSQ lunior high' achool text mit^ials.; Each ^unit contains a 
cooffifentary on the te^^t^ answers to all'^^ej exercises, a copy of the 
que^stionnaire' used .for evaluating th© cni^^&i^lr and a aumm.ary of 
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t*)^^^^ii ppl^tt^n^r:y ^ t asts - for di vis i bility - -ks d -repeat-in g-decimal#;— (5 )- 
non^nagajt'lve ratAoiial numbers; and (6) ^athtmatica.1 ^systems* (Hp) 
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i¥%-;>:6r;:A:;:':- 




tf,rlF I tVl^'".' ^'-l ' ■- 1^ '»>'■ A" ."^'■itlVf -'fiil'p 'JiT.'.tT,.'. ^, "-.\\ 



' " MATH A')^tics,;';^'kiTS- ■ '■■■^y^, '. 



VOLUME/I, NUMBEJl SYSTEMS 



:1 



/ 



Pre^^dbytheSCBpph MATHEMATiqS STUDY, G^^P 



7 \ 




ERIC 




. . : ■ • , /■ .:.JWM,tlnfe team. • The "arijt« wert taughteiii a ndhibeR-of "• • - _ ■, 



glasses during th^ <ac^|dOTlo' y^ai" 1958*^,^ N^li^Jor 
, acUtftig vpf them has^baeii, attmpt^d^ but .^pogj?aphloal„ 
' ^ V 'ailii- othei^ errors have fesen^^oorreoted, ' 



waji^ise4# the taaehare^e 



-^^j^ ' ' ' ^ * When the' units wa^ii^-tise^^ the taaehareWepe/iri^^r^ ^ J 



vlted to stibmlfc fx^omientB ^feojicemlhg thelj* experiences , 

.■ '^l ' - ^ _ . - ^ . _ _ 

A V questionnaire was filled but by the teaehdrs for ' ' j( 
^acli uhl.t' taugh-^. A copy of this questlonnalre^.an*,',-,^ 

t_ jx\ JS„tW.u _ - — i- - ^ — — --^.^^j . — f TP^-, — .t.^^ - I— 

• ■■ .'i.-- ■.-..■^Jfv , „' . . B •, - I . = " ' ■ ■ . 1. = . . ■ . - . ■-. .-=•=-•- 

/a aufltaapy of voomnants by the tfeaoheri^ts Inoludad f or ^ ; 



-J: ■ _ - ^ —each utti'ti ' , • ^ ^ \ ^ r \ 



In addl"BlQn>. in t^Be pasas rtliere u^t .tae'be^^^-^ 
ware prepared during th% yaar^ ft; collaetlon of sug*\' 



gasted "test Items appaa^t 'at' tl^e end of th# oonmantary' 



- - ^ on tha unit, . ^ ^ , , 

y ; ^^^^ - Inoludas tha units boncarnad-iflth 

J , • V ,„v -the Structure of the numbers ^sfc^a. of a?^tlmietl-e,« 
TKttse are units II, III, IV, IVa',rf, XCV In the • ; 




numbering systan originally used. ' ' , . " ' 



^ •"■V . :6 
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For this tmlt thepe" la Uttlt teek^'wo^ attd^ entpt faMUlaPlty 



vith jbhs number ^^boli and tto basle dpenClo^s with lIlsabM•fl4^ TIm 

^ ^ . - ^ - - 

, ^ ^ „ deeiaia &ot&tloii for ^ol# mnbers ^ thus to de^e & UttU detpw 
t 1x1%^ reasm^ for thd ffleghanle^ g^ntions for addition and imlti- 

^ pUoation, vMoh ihe already taovi. Om of the beat w^m to aoeoroUah 



^ . tUs la to consider syel^a of number B0|atlon using otto 
' ^ ^ ^ ' "ton* I Sinoe inrusing a new baae the student la f veed to took at the / 
reasQiis for ^oarrying^ md tto other aeehftnleal. Qpe»ti^n8 In a new s 

/ ' Ughtf he atould ^in deeper |pELsl|^t Into, the deto^al s^s^mmm ''A oar* 

Alt 



sBOunt Of oooQFKitatidn 4n other systenji la neaessarsr to fS these 



. Ideas but suoh ^omputatfra Aould not M remrded as u Ind* in ltaelf# 
- BovaTW^ Mae 'oj^ the student s enjoy 4.e^loping a eertadu proficiency 
In using new toa$es in oai^utlng« . - r . " ; ^ 

Perhapa^he most ii^crtut reason f or Intrpduoing ancient. q^boUna 
% ;:f»' nmbers is. tp contrast them with' ow nrstem^ la which not only the : 
_ ^ .myihQl^ tat position, ^s slgnlficafictfv^ It ahouXd be piointed out . 
V r- that ppsltjon^^^^^ In other^ systems as they arc presented 

^ t Cr tore^ . a rtart in this dlre^on' ln that, n re]^a«^ 



senta a diMe^yo^ number trom/Utp tet atart vis a vezT^im^pN 
;^ "one; "7Ke Ba^l^Cktfs .also made use [of pbditiohV bi^^ XaclMi a^^ 



J 
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, ©rter for th* ^pilf to a^reeiate the ^portant eh&net eristics of am 
■ i jfiystan 'of mnibersy''^^ ^following fa^s shou34 be te^Iit out.lB eom-. 



\; V/ ^ V - " ' :■ T-II-2 ' r ^ . * 

. ^ ' Egyptian - doclnai no pUct . \. 

' ' ' . ' ' " \ ■ 

BriSylonlMi non-dtelaal pUee t«1m " mwo £after;200 B^.J 

B^ttn ' , pactly-de^lBalJlBo plae« . no- ilirQ 

Th» lUMflti»tisn of ^OBplng In tens on page 6, ■uggosto a msthoa^ • _ 




• l€ la aj^^sfid ahould to© e^taslssd whanever there is op^rtTOity.^ 



7 
1 



•V- "titoi-3 fri 56f ^ 3 to 97 to male J^,k^' sea 'that , the sum .1^ . ^ 

. ■ , . * ■ ^ • ^ • 

153. On -page 7, nota ^ao that parenthaaaB Mfe uaed to ahow that eirtaia 
■ , . y T - \ ' ' ■ ' J ' . ■ ' ' 

^,1,„ Sfl«ftta«tl#tjare. to be eonaidaMd ai 4 f^p^ number, to andther i^t 

■ amenta '«8 introduead m pip 7, to a.aituatlon vMcb'rtowa ' 

elaariy^Bhaif uaafulaaaa for eoneiae nQtation, r»rtbe««o*'«» t^lr uae • . 
aawaa to mphgaiie^ the rola Of the bai* Of poaitioB „ 

On paga 9» quAation aay ajriae, about the notation for a nttabar, to 

' ■ „ L ,' 1' 1 ' „* L- _ ' "J: ; „ - ^' « • < 

V :bMa saran. Wa As net write baeauaa the iyaibri "t" toaa not occur . ^ ^ ^ 

' la a mmber aystea to thia ^se. Rep3Aetog the fflmeral the witten • 
vord ^phaaiaaa thia faM* ' ^ ^ ^ . ' 

: <^ » la aapeeially la^rtant to tLaitinguiah between a bwAw the 
.-^boli by which it i'a paprei^nted, Soaa of the pa?opettia» usually ' * 
, . 'eotoa^ad with-^^^ of ita. nrt^lon. *^ • ^ , 

' ffceta'that/ in aa<k^ tfotatlon^ the mmeral for a nwiber diTliiM.a by * 
5 eBd»-ln § or 0, Md that 1/3 haa M 

lUyuatrationa, Mo^ of lAia properties with which wa deal are prtfpertlas 
- aw entirely :3MapBM«»^ 

j. . in which thay arl ra^asantef^*' Babies of wch properties of nmhera - ^ 

, / ^^es 2 * ^ * ? * % th« itober 'eliSTen la a ^rine jitoberi p»eater ^ 

\v tta^.fiva. Tha distineti ^ . , / 



T-II-3 



|fei!ir'};-?i.!?-.5i'f.i 



of this klBd ase ^ortuit, beeause tbsf Uls solo of 



tHft Imoii in grouping the x*8, as vol! as tho 8ignlA,&aos ojF tho digltp 

in tio numeral for the smber* ' ' ^ ^ ; * 

-/ ' ' ^ ■ ■ ■ 1 ^ \ ■ . ^ ■ . 

4to- ps^ -I Qy^^he^syiae^^f^he^tahl e la , S E #^a4jetfyJ^a^^PaMa»^ 



^ £aet that additite is osimtatlTe. SiMibr ii^stttoes ooow ia later - ] 

' oAroises^ aad Reseat aa oppoiti^ty to sbov tb&t tMs is a propex^ - , 

. ,fif the asmberst rather thu of i^f aotatloa ia ^vhioh they are rep^seatedi 
^1 Qb page 1^ the OMroises de^^^ih tests for diilpihllity* The*^ ^ 

..f '.A- ..... ..J...; ...f^v;-,. V . ... ' .\ .= ....... y.. . ^. . ...... ^l. T . 

^ pixrpose is- to ooapare e^deaoes of dlTislbillty la oae aotati^ vlth 

; A _ OTldeaoes la aaothar aotatloai^lxit the.wttei' of teists of dlvisihlUtj 

v^r nay be ^^feated abre foll^ if It ise^s deslraUe. 

< -Ifl it is d^erestiag to aote th^ Mii— ^ 

'V ¥ \ no looks the saae in the bdaary^^rtea ud' thm de^^aal i^vtn^- biit 

' the MAalag is Terj differ eat c ^ r\ *^ 

. - Si Be* 83^ it oaa be aqted ttot the peg board . devloe is really i\ 

kind of ateeua for tha binazr BjBtmm . ' ^ \ 

. i w f he pi^Hs win probably be iatertsted to^kww that the blaary, , \ 

.^-^^^^^^ ^tem is used „ia nas^ high-spee4 cptoputltig wohdaes* 

■■^j ' twB also be iaterested la tb^e maiader method f or .^aaglag a tomber 

^ ... V. •. . . ■ - = ; ■ .* .' . ^ ■ ' ' \ 

. f^on oae base to aaothertt Suppose ttot 25 la deelmfQ. aotatloa is te 

- .be ehaaged to biqa^ aoaeralB. The proqess rests oa repeatsd dlTisira^ 



by 2, t€|^ identity t^i powers 2 whose fh* dl^isiw Is 

shom belw, f oliowe^ fay ^ iaterpr^tion of the results of the ' 
diTisioa at that stage* It %dU be aoted that the r^iiaders ladioate 



digits la l^wy amemls J Reoali that 2^ 
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This -bliiwry ^ystea i« ua^ for eoaputwa sinee ihmn am only two dl^t«, , 
, ttid: Afltt^rie Baetaiilm la aither ^'on" or :"off ■ . Sueh w wranganant , , 

. Wo^haa fei^wtarJ that. wMla ^ twe diffaraat 

diflfea ^ tiaad, Jiaay awa di^a'are aeaded to «^aa ambers In , 
^tiMty BoUtiaii tbu j& daelawlf f»§*t 

2300^^ = U, 111.010, (»Otw<i , 
Fatfple wM work %flth .eaaptrteM vei^ ottm ua© tha baaa eigh*« 
gh^ip^ft«-l!^My-to oital and baek ia Twy alj^ J?? usa ofi^e^^^ 

Blnasy OeUl 
' ^ ■: ■ 000' ' ■ ' • ■ ■-' • - ^ - 

-■ .■ ' ooi "1 u • ■ . ■ ' 

f ■ . _ ■ ^ ' 010 2 

.. .. . ., , ' ^ 100 : A ■ . ■ ' 

^^ -. i ' 101 .■ :^ . 5 - : ' ■ ^, ■ ■ . ^ 

Fojf ezKBplay we laiTa - 

: ^ y ; 2000t^^ ou,ni,oib,ooo2 = 37Mg - ^ , ' 

' Glva papila asae •3»rcties in chmglng ft^ biau^ to octal ud 



C4 ' 



41: 



eonvaraely7 BO that they ean, aee the slaple rile invplirad, 



■H . ■■ :,. ■ . V - BiqLIOGRAFBZ 







' Society, Platf 25. • 

^tby D* £• Giofbiufgi J.p Hra^^ KOM^UiS. National Goiii^il^' )^ 
of TtaetoM of JfathCTatlos, \ • " - * ^ 



Van dar Waerd^, SCI^QS AW^NW. 
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.... '.'^ >6«'' 'Be^aafl ^Mk i«tt^a for | Md 5 and rthw lstt^» fra- J^-wd §0. 
' ' , >£a «nr '^atan« Imowliift^ + 5'bslps ua to find 'X + 50. / 



8. ftNini-tha latl»- "dij^tUa" GA-.'flngtt." 



rev /% x^ 




■\ 



X X 

x~x 



^x 



/ 



il# -ns# 20, JO, 40, ©to. / . . o 

12. U) 354 - (3 X 10 X 10) + (5 X M) ♦ U X 1). ! 

. • " / -i . . . * ■ ■; ■ ■ ■ :' . . . ^ ■ - , 

. (b) 6421 - (6 X 10 X 10 3E 10) + U X 10 X 10) + (2 x 10) * (1 x 1 

- "(e) ^ 709 = (7> 10 X 10) + (0 x 10) + (9x1) " . *, ■ ' 

= (d) 320 (3 X lo'x 10) * (2 X 10) MO x 1) ^ 

- (e) ^MOQ P (2 x'lO JE 10 X 10) + (O x 3L0 x 10) * p x lOj *^ (O'x 1 



13. 



16. 
17. 

18. 



' .: ■■ ■ ■ 




■ p" . . 
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. V . 


X 


h 


C 


D 


M 




I 

1 


I 


y 


V 

X 


* 

h 


Q 


r 


■ Vw" 


\ 


V 


V 




* 1* 


CCL 






V 




X 






c 


D 


M 

- 


i_ i 
V 


'* % 




L ■ 


L 


CGIi 


D 




y 


uv ■ 


■ L 


« 


0 


d 


D 


H 


V 


i 




C 




D 






V 




L 














X 


, L 


e 








-^4 




5 SE 5 


% 5 


X 5 











19. 



20. 



4^ = 641 3^ = 81 ' ' 

U) (4 X 10^) ♦ (6 X 10) + (8 « 1) 

(b) (f, X 10^) ♦ (3 X 10^) + (2 X 10) * (4 X 1) 

(e) (7 jrao^) + Co X 10^) * (6 x lO) ♦ (2 x1) 

(d) " (5 3E 1^) + (9 X 10^) ♦ (1 X 10^) + (2 X 10) + (0 X \)J 

•ight7'~ quatreavingts '(or 4 twratlei) 

ninety » qoatre^lngt-dlx (or 4 twanties, ten) 

X % % X X 




3E 3E 3E S X Xj 

X X x ,x X -xa 



X X 
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21. 246,^ = (a mm ♦ (4 X 7) ♦ (6 % 1) ^ 98 + 28 ♦ 6 = 



U) = (5 X 7) ♦ <6 X 1) - 35 ^ 

(b) aOa^en ^$2*7 * ^(i s ^)T(i , 1) = 98 + 28 * 1 - 127^^ 
(e> 5^4^^'^ (5 X 7 .x 7) ♦ (O x 7) + (0 x 1) * US^^ 
(d) Wg^^ = (4x 7 k 7 X 7^* (1 X 7 % 7) ♦ (2 X 7) + (0 %D « 

1372 ♦ 49 + U = 1435^ 



23, 


e 


10 


za 


30 






1 


11 


21 


31 


a 




2 


12 


22 


32 


42 




3 


13 


23 


33 


43 




4 


U 


24 


34 


44 




5' 


15 


25 


35 


45 




6 


16 


26 


36 


46 


25..; 


The two parts are •alike" 




to the diagonal li^leated 


26. 




0 


1 


2 





50 
51 
52 
53 
54 
55 
56 



60 
61 
62 
63 
64 
65 
66 



iDo ' no 

101 
102 
103 
104 
105 
106 




27 m Forty nixit* 

ad« Sa^tabl^ 9l6S (see Es» 25* ) 

29. '^Sttn* ^^mwm 

30. Ids 
31.. ten 

m 

33. U)' 55s.ygn If*^..-. 
(e) 1363B^en 

34. 32aev» * 3 stvans ♦ 2 on«a 
25aeTen * 2 aeyena ♦ 5 ones 



(c) OO 



seTen 



(d) 3&a#vei 



5 seveni ♦ seven ones = 6 sevigns 



See explanation on page" T-lI-12, answer 69, 



(•) 30 ^ * (b) 47' (e) 23 

, ^ttto '?^%mm ^ "ten = ^^g^TW \ 42t„ = 60„^^ 
J ^(d) 137 (•) 222 

36,, U), 56 (b) (c) 34 (d) 456 ' ^ 

^wtmn 23s«Ten ^swfffl ^^stTtt 



38. 


5 
6 


0 12 
0 4 11 
0 5 13 ' 
0 6 15 


3 

15 
21 

U, " 


4 5 

22 26 . 
26 34 
*33 m 


6 
33 

, 51 


Yes, two pfu-tB of 
thle talfle alike* 


39. 


(a) 


216 (b) 303 




23U I 


:d) 25^ 


J 




U) 




7) ♦ 3 


- 28 + 3 - 


31ten 






(b) 




7x7) 


♦ (2 X 7) 


+ (6 X 


1) - ^5 + U + 6 s 26! 




(e) 




7x7) 


+ Co X 7) 


+ (4 X 


1) -147 *4^15H„ 




(d) 


260B,^e„ - (2 X 


7 X 7) 


♦ (6 X 7) 


+ (Ox 


1) ^ 98 ♦ 42 = 14C^„ 


a. 


(a) 


Slkx 3 « nil ] 


Lllten 


■ 216gg^QJJ 








(b) 


25 X 6 * 150j ISOten ' 


- 303e8^«a 








: (e) 


2U X 4 - 8441 




« 2314ae'vea 






(d) 


15 X 9 « 1351 135teB 


- 252gg^ep 







ifS. Clvlsloa In base seveo Is doot In a slmllai' way to division In the 
diclBal syst'em. Rsfez' to t^e maltipllQatlmi table, base-SBTesEt 
(iXa 38) for saeh quotiest. 

-J _Jfi _|2 . 

(a) 6)42 (b) 6)420 (e) 6)435 (d) 6)4053 

■ 0 15 45 

■ n m 



?34Bairen 



33 



43. 2Be„B)501- _ 

- , 123' a 1 

44- ^BVww^^^Bmvm 

45* 7be opea digit Is 0, 2, 4, 6, or 8* 
'' 'ilM WSa ^0^ is ^ or Q, 
• The eft^i digit la 0. 

* See emlanitito on page T-JI-12, answer 69 v. 

■ ■ . .., ■ ■ 9 . 9 



T-lI-10 



*4i6. 2V L 6| 13, 15 , 20, 22, 24. 26. 

The sum of the digits is dlTiilhle by 2. 

47. 10, 30, 40, 50. Thi ones digit is lero. 

■ * * 

48. (a) The aya of the digits is n^©. 

Ettlai If the ^ of the digits is divisible by sljis, the 
atttber li^dl^isible by nlna* 
' ■ ' \ ■ 

(b) 108, 117, 126, 135. Xei, 

(o) 101, 102, 105, 120. ^ ^ 

If the sum of the digit© is not nine, the Miabe| is not 
dlTlslble by nine. 

' (d) les. See. \a)* . ^ . 

49. ^ (a) The sum of the dlg^s 1^ each case la 6, If the stm of the 

dlglti is 6, the number is diTislble ^ ^6* 

(b) Xes 

(e) If the mm of the diglta is not 6, the number is not divisible 

(d) ies. See {a)4|^,, ■ w 
50* Ea^ smiber is one lass than the base. 

51. (a) If the Sim of the digits is dlviaible by 3, the nmbet is 
diTlsible by 3. ^ 

(b) If the mm of the digits is not dlTislble by 3, the ^umber 
is not divislbie by 3* 

(e) See (a). 

(d) ies* 

(e) 4, 13, 16 #tc*| lO 1 jD wh^r© n Is any toteger. 
52 # lea, 

. S3. Zee. Ies. 
5^- SOten " (1 as 49) ♦ (u - . (i * D = m^^^^n 

55. U5^en = (2 X 49) » (e- * V; 4(^*1)- ^Sae^eo 

56. 1958 ^ 10 = 195 R 8 

195 ♦-10 a 19 R 5 » 
19 t 10 = 1 R 9 , = 

1 f 10 a 0 R 1 

T^e suecessive reoaindeFs are the digits of the original nmabtr, 



O . '^10 



57* Sai I 7 s 74 R 6 

74 t 7*10 R 4 ■ 
op ♦ 7 ^ 1 R 3 ^ / 

1 f 7 - 0* R 1 • 

■ ■ . ^ s • 

^^Mven - U » 343) + (3 % 49),+ (4 x 7) + 524t 



en 

58. pivids ta^ MT«B as atoore uat^l last quetlant is serQ. dl^tt 
0^ the ou&Ver In base aeven are the .meeesslTs Mnalndar^.. Note 

it the f Jjit r«Miad«p; is the ^irst aigit, reading ftpOT^^t. to^^^ 
taft. ' 

59, k h 4 




31 



fite 



X Z X 



(X X 


X x^ 




X 3t) 



.(e) 



(d) Zes. 

64. (a.>J 

65. Tvo 




X X 



(b) Two (e) Two 



o 
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66. Base ten 


BaBe alz 


Bast four 


Base th 


1 


. 1 


1 


1 


. 2 • 




2 


2 


3 


3 


3 


10 


4 


4 


IQ 


11 


•1 


5 


U 


12 




10 


12 


20 


^ 7 


U 


13 


tl 


8 


12 


20 


22' 


9 


13 


21 


100 




u ■ 
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*68. 



(e) MOa^^„ W ♦^(0 % 32) ♦ (0 » 3)-^x 1) 

U), (6 s 81) ♦ (27) ♦ 8.^-^ + 27 fa = 521 ^ . 



\ ■' 



*70, 



(b) (2 X 36) ♦ (24) ♦ 5 « TO + 24 * 5 = 101 

(e) (27) ♦ 2" - 29. ^ ' r J. 

(a) 23Ufiva = ^S^* S^) • (3 x 5) ♦ (^^ * D 

(b) io3f±ve - (1 X 5^) ♦ (ft X 5) ♦Ox I) 

(c) 412fi„ - (A » 5^) ♦ <^ X 5) + t2 3E*) 



2_: 



*E»eralSf 69* In the 
^paaded notatien, ve 
iaterprat the n\a»tal 
5 as ^qprWsad In' the 
daclJp^ system. 'Tha 

fa^hly be usfd. 



(a) m^^- (1 X 12^) ♦ U xJL2| ♦ (6 « 1) - IM ♦^^iS * 6 - 198^ 



^(b) 3t% ,elya = O S^"") ^^^^ « 12) + ft « D ^ 432 ♦ 120 ♦ 2 » ^ 

; uloa^) ♦ (7 , 12) ♦((11 ^^^4^ * n ^ 

71. Mft^ t^ga A« coated ^ tjielTtf i ow «f*4slKtf^w^r ^f^^ 
^ b*itt«;wlfch-12 lneh©B In an« feot|^tw«lw IMa^^bls' >r,^*^^ . _ 
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*76. (a) ni^^Q - (1 X 



Four* 



(b> WPO^^o - (1 i 2^) (0 X 2^) + (0 X 2) ♦ (0 x, 1) 
(c^: lOlOlt^ » (1 x,2^) + (0 X Z^) ♦ (1 % 2^) + (0 X S) * (1 X 1) 

♦(1x2^)+ (0 X 2^) + (0 X * (0 * 1) 



(4|;/^ooo^ - (i X 



12 " 



(e) 16 + 4 + 1 ^ ' . ' 

■ ; (d) l6*S^a4,„ ^ ; ^ ' / ^ 

79. /(a) Ul^^^ (b) 1011^^(, (e) UOOOi^^^ (d) UOIOO^^^ 

80. Ur lOtwo l^tvff M nKwo ^Hwo 

at 

. (b) 6, -3 * 3ten* i^two = Hmn 
(a) U - 4 ^ TtanI ^^Hwo ^ 7t» 

(a) ^ a ^ 1 ^ lOOOl^p 

/ (b) p^tmn ^ 10,000,000^^^ 

; (d) m^w ^ 2^ ^ 2* ♦ ^ liOD^^^^ ^ 

84« Bast tyo£ abort addition aSl ooitlplieatlori taUts; 

^se twelfss ^ See 71) ^ 

85. Feur. Th^ weT^ttf^^d be 1 lb., 2 lb,, 4 lb,, 8|lb, 



86* The triek is bas^^ on the application of the bisaz^ nmbfrs« Wrl 
the flFst fifteen bijoaxy nwbers and use them as your guide. See 
MenlU referenee^p. 26-29 ud Svaj^ p. 111. / ^ 
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S7^I«B, Sfi Jferrlll ref^^ce pp. 23-26. 
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' Samplt Test Quastlona * ^ - 
PART I^-^TRira - VAISE. 
'^"liigg^Qj^' mid IX are nvtaerals that refer to %he same nwber. 
T 2. sticks* etones and niStohes are numerals If "^aed to tall 
' \^.quantity. ■/ - \/ ^ \ ■ . 

' F %p The 4 4^ Is twice 'the ^Itii^R^hfe 2* ' 

T* 5. ^ The 7 In 765^ Is the fs 7 X lO^. k • ^\ 

■ ' ' 1' ' ^ . - • ^ " ^ - . ' - 

# 6, The exponent 3 1ft 5^ means to^ muitlply 3 tiro^ 5. 

/ ,T 7^ Had man been created with ©ilght fingers amd eight toes ^ 



systems b^sed on/ eight fend sixteen would probably Aavfe been 



more cosmion* 



1 ,/ 



T, 8, \wi1^out place value^ we oo^ld not count beyorid ^ten In our^ 

decimal system, , 4 ' ' 

T^ 9* Tke cub e of A ntm^r\ls gotten by amltl^ylrig tht numbed 

^ together thrrfe ttaee* ' ' - \^ ^ * 

T id; > The base of a system and 1 the. -j^umber of digits the system 

. K are niimerlcjilly the feame.L' , ' . / ^ 

V 11m Poubll^ the nxmber W dlglti/ln a system j^lll give the ' ^ 

: niimtier of basic addition facts In that system; 
T 12» We can make a nimber symbol mewl anything we wsLnt It to 

* . mepui. , 
T 13. ^he nimber "8" (elght^^ has the same meailng In the twelve 
number system as In our commori number system. 
^ perfoiTOlng comput&tlons there are ^re niaiTDer comblnat- 
Ions to remember in the ten number bSp^. than In the two 
• base, ' ^ ^ , ^ 



15 



^^l^'^-y^^-r-mkr^&r "^^J^ aultipllcation , 

; , " prbbiem, the value of tht figure we caripy Is the same In 
• .'". t " -.the baae 12 as In, the base 10, . ' « ' ■ J 

3P 16, Whin we 'borrow In the dozen system In a problem such asS 

154 - 2t, we^ actually t^orr^ ten units* " ^ 
T 17'. In the do.z to- system, 7 x g ^ 1 W^^; 1, 

P' 18. . In the five system, k + 3 « 13 



1 



T '19. 



The larger the number bade, the f ewe^~ tlie figures needed ^ ^ 
V ' . tOr represent large numbers, _ ' 

B 20. ,lri the n^ber 842 base twelve, the 8 has a value that^ls • 

, ' twent^- times the v.alue of the 4. In the base twelve system. 

T 21. Inthe number base five, the fraction 3 Is equal to l^*- 

7 

PART II, toLTIPLE CHOICE. 
1. The x«s. at the right are grouped so that the number of x«s ean 



easily be 'written In a n\imera| to some 



base* 



^hat' la tlr 
A. Base two* 



the base? 



B* Base Jhree* 
»C, Base (four. 

Noneiof theee. 




V 

4 



2* In whleh of % 

A. 2 If our 

B. ' 21elgh 

C. 102three 
*D, lOOO^^o 




numerttls below does the 1 stand for 1 eight? 



3 The niamber of x«a at the right Is written In numeM^ In fo^r 
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different bases. Which numerals 
"l 16 



22 



; , . . , i A. a<jKid c are cori^eot, ,■ 
^ B. ii and o are correct. 

C* SLi Bn^ c are correet, ^ 

' ^ *DV i^]^four are aorrect. * ^ 

4« VSien you wj*lte niimeralB in base eight ln»orderj ^what comes 

' , . . , A. SS^ght ^ - . ^ 1 

^ ^^ - - ^ . - , • ^ - v 

5* Whloh of the numerals below represent& the largest number? 



B, Sllthree 



D, Slnlne . ^ ^ ^ . 

6. Which of the foirov?ing niimerals represent the same numbei*? 



- l85tv,elve ^) 365eight. ^) IQitSslx d) 20002three 

a^ b, and c - 

ai>^ a, c, and d * . ^ 

^■04^ b, c, and d =- . 

D* a, b| 0, and d ^ ^ * 

7* Whloh of the following are oorreot? 

a) In the symbol 5 the base and 3 Is the exponent* 

b) In the symbol, 3 is the base ahd 5 Is^the exponent. 
\ / c) 53 - 5 X 5 X 5 ^ * . ^ . ; 

-i,§),,_^^,^^^^^^}^:'^^'>^'%_.>^,_^ ^ 3,. .. ,. : ,., _ :,.„,_...__, 



trT a and c are oorMct, . . ^ 

. , p.. .b said d are oorretftfc 

6. tfhlih^of tfte foilowlng.shows the mbanlng of ^^3^^^.^ .(■ i 

A'. (4 six X six X- six) + i^xyi^x six) + (3 x six) -^v 

B.' 400 + 20 + 3)' . ' . . ^ ^ , •. ^ 

*CV ' (4'x six X s^) +" (2 X Blx) + '3 

D, (4 X six) + X six) + (3 X six) :^ . 

0, Whldh of the foirowlng statement6 a3?6 true? * • . ' 

- a) The Igyptlaris had no symbol for gero, , , :^ V 



b) The Ronwi humeral 8 CD and DC stwid for the same rtiamber. 

c) [ In" the Roman niimeral XX, the first X stands for a bigger 
j number than the seoond X«. 

a) The Babylonians, used the number sixty In writing numerals 

In somewhat thfe aame way tkat we upe the number te^. 
A. a ftfid b are corrects ' ^' \ \ 



0 and d are oorreat, ' 
•0*. a and d are correct, ^ 
D. b ^d c stre correot, . jjr 

Ip* Whloh Of the 2«B In the base ten numeral below stands for 



2 X one thou^&and? 
a b 0 

ai|3a : 

A, the one maj*ked a 
B# the one mtirkirtf b 
C , "" the one iiarked c 
*D. None of them. 



. ;^ /. ' . - 18 



7 



7;;*7^^T^he^Tfemso»"people;"^e^^ by, tens ana to uie "ten as ' a '^"'v 

• base, is ^t^bly Jha^^ ' ^ . 4/^ 

^A. It^is easy to multlp^'by ten. ^ ' ^ ' 

*B, people have ten fingers, -n > 

I * C ' ten is a "round" ntober. ^ ' " 

i D,., decimal fractions are expressed In tenths, " 

' ■ ^. ■ ■ - ' ' \ ■'■ ^ ' . ■ " 

^ . 12, If . a izero^ls written at, the right of a base nine numeral, the 

ntaittbar the base nine numeral represents,*, • 

A« baoomes twice as large, ^ ; 

^ B# bacomes ten tijnes as l^ge, \ > 

— .G^ st^s the aama? , 

*D, beoomee nine times as ikrga, 
13. In what base are the numerals written If 2 x 2 ^ 10? 

A. bas# two - ^ ^ 
B* base three ^ , 

*C* base four 
D. base five 

14 • If you have only the symbols 0, 1, 3, 4, and 5 for a 

system of numerals^ an4;can use as many of the symbols as you 
wlish^ a list of all possible bases 1st 

A. ona^ two, three, four, five, or sl^, * 

*B» two', three, four, five, or. six, 

C. two, three, four, five, six, or ten. 

D* two, ttoee, four, or five, 

15. In this addition example. In what base are the numerals written? 

' ■ A. base two ♦ 

: 120? * ' 

•B. base three +210? .< 



,..0, base four 



19 
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.16. In thl# subtraotion example, l?i what* base are tike numerals ^ 
written? 



, base seven • g-^^^ 

B. base- elsk^ ' . ■ , " " 3^^^ 



9 




*C. base nine, • ® 

^ ^ . ^ ^ ■ ^ % ^ • ' 

D# You can't tail, ^ . . , , 

•17. ^In this 'addition example. In what base are the n^eralB written 
' ^ A. base two im#" " 4 



i 



101 f 

base four MSS?^ 

10111? 

C. base ten 
^D, You can»t tell. 



18, In this multiplleatlon example, in what ^e are the numerals^ 



written? 
A, base five 



349 



*B. base eight .wf x g3 ? 



C, base eleven TO 

. J. . T054? 

D. You can't tell J 

19. In the division example u^i^m, une numerals are written In 

base eight. Which or the eAataples ia correct? 

xtciiu 123elght ' 

a) 3eiaht) SeTelght J^iaub) StoTeight . 

6 
■307 

go? 

175elfei.t. l89ei^uL 
c) 3elght) SbT eight •> ..i^ut,) 5oTeight 

3 3 

24 




35 
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. 27 





correct. 



Eiapple c 1 correct . 

is oopreot. ■ * ' • \ • ' • "''^^^^r''^^^^^ 

Sil^SyiDi^^ widttsn In. base ten. Whloh num^^S: 

|^^?%^^™^^Pi^^ whloh a3?e axaa tiy ai^tslb^e^B^ d^e,?^^^^^^ 

J a) 198 H 373 0) 8901 d) :t^3 ^ " , ; v/ 

A • None of ttoam Is exadtly dlvlslbla by n^e* . 

0 are exactljr dirtiible by nlne. ...-.^.y. 
- /; *0,* a ipad * are exactly divisible- by nine. ^ ' 
^ ; P thCT^ kre exactly dl^lalble by nfoew 

21« ^he numerals be lovf are written to base seven* Which ones 



represenb ni:ipbers wM 

iSsavan ^) 32gevah . . ^) ^Sseven d) lOlgeven 
A* b an4 c are axactly dlvlrible by two. 

B. ^ a and (J are exactly dlvisibla by two, . 

*C. a, c^ and d are fi^ctiy dl^ two. 

All of *them are^%xactly divisible by two, 

22* In which of the bases named baloi#, tfbes th^ Aiamaral' 35 rapr^^;,- 



gent^ an even number? 
A# In base tan 
B. In base twelve 



---^y^— to none-of- these -basas- 

J., ...... i ■ i -. . ^ . 

23* Itt which' of the bases named beloV does the ntamaral 32 rapre« 
sent an odd number? . r 

A*_-_ln.base four . ..' /. ,.1 . ....................... .v.. ' 

= . . ..,B» ^- Is base, ten * /....."'^ 



o 
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J^2^n_'\ypXppy pt these bases 



-r of vtfiem m written correctly? 

. :,/.a).:'-(V'x ten^) + (9 x ten^) + ^3 x one) - 493ten 
aysrssTOt^)*^ +'<6~x SBven^) + (1 x one) = SSlg^vin - 

. ' '®)... 5< twel^e^) + {5^ twelvel) + fe one) = ^5e^^^^^ 
. ' <i)/ (2 K flve^) + {ZX Tlve^) + (4 x one) ^ 224^1^ 

A;""^"a^ and c are oorraot . . * 
B# b Mid d are oorreot.^ : ' 



*G. a^ Cf and d ajpe s orr eot., ' _^ 

D. ' a and b are eon^ct. 
-25.^^ Wileh of -the statements below are correct? _f 

a) 75ten ^ 1001011^,0 b) ■ kten - lUflve 

c) gorten - -SSTtweive d) l84ten ^ ^TOeight 

Statements a and b we correct* 
Statements a, b, and d care corre^^ 
Statements a and d are ooirect. . 
All the statements are correct. " 



A, 
0* 



1. Write 3 X 3 x 3 X/S X^ 3 ,x 3 using exponents, 

2. WMch niMiber Is larger, ,23 or 32? ( 3^) 

3. What n«mbfer Is represented by 9^? 



ijfi 



ML 



4, Write the follpwtng In Arabic nmeralsi ; WT^, WL,. (150^) , 

(2000) ^ ' V ' •; 

Write the fQllowIng base s^ven numbers In the base ten systemi * 

5. ISseven. ^iMtial * * 



22 
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J^T^t^^^^ jS'^W^'f -"-'-f' ' ' - .''r-* '^rt "^^--■%|' 
^SSSS^'^.'T?^^^^^ third pla^e Of a base twelve nMiter wdmld repreSlnir^ 
L What value? x ikk^.^^ or sBB^Jl) " v o ........ \. 

"llv Write *tne base* seven fraotlon 12 In the base. ten. 25 - 

. " "3? ' ' 

. * PABT IV. MATGHDIQ. - 

Eagpesslons to base other than ten . Numbers Ih the t^n bAse » 







iqioit„o " 


(B) 


a. 


^^^flve 


(A) 


3. 


?7 twelve 






ive ^ '^f 1?© 




5. 


lOPltwo + 


(El 


6. 


^slx " ^slx 



A. 31 

B, 21 
16 

D, 14 -J ; 

E. None of these 



\ 
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^;fl^^isSi¥v->^v-- ...... 



State*. 



Wyi^^Omi^^' o£-:-6^a^^V(eii to toe teaching 



USE THE BACK m TS& SHEET W YOU MiED EXTOA S^AGE TO 
ANSWm Am OP ffiE.QTOSTIONS 1E.0W 



iv ifeke a statement about the ability livel of pupiA in- to^^^^ 
. ; , Sris ana s-fete lather your school uses some plan .of homo- 

¥. What -parts of the milt proved to be- the most teachable? 

unit proved to be the maat difficult to 
^-^^ teach?' ■ . \ -■ ' ■ ■ , ' . - 



Did you pmit^toy part ? 



4. fitd you use any supplementaj^ devel^en^ ttaterlals ? 



If so, what were they, and at what. points were they used? 



5. Did yw find it necessary to provide the pupils with addition- 
al material? ' " 

textbooks or' dldt-yoia wrl^ 

6. Do you think that a unit on this topic should be Included In 
re^iar textbooks for 7th and 8th grades? ' 

=7— PteaseTiffke- ANY- adaitlonal = OGi^ 



perlence with this unit which you think would be helpful to 
the Panel rasponslble for preparing and experlmentlns with 
textbook materials for grades 7 and 8. • 



a4 
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Teachers «■ ( 



Oommehts 



I „ i i; ' V5, fife,! :^tV*^*>fq) 



. .:;s^:^?bl|«|i*y-*3>ye t reported that they had taught this 'unit 

:.i$3^^M^iiiB^B . Fj|>f ty of the classes were grouped ao.sprdlng tQ 
^'^l^pPf (r3§ 4ilgh, "9 medium, 6 low) Md ,6o were heter^erieously 
':*:^I^S^I^6tt1f%QBt^t''-the classes were In the seventh- grade with the ." 
-i'^^lEl3Sdep,>ifi^ht^^ few In the 'sl^th, ninth, or ' • 

tflith grawJesr " Opinion was close to unemlBious that material in the 
ih±S-aailt ishouM:tb©^lncluded dA'^riev^thisTirtfde* 




Tfcte time ^^t on the irnlt varied from 10 to 27 days with an 
r~ average of" a^wWS days. It - is suggegted thaf 15 .- 18 days is'- S' 
reasonable aaountiof time for the unit. There was some flagging 
of pupil Interest when the unit was " continued tbo long. Presum- 

— ably^ "When ' t^aehers h^ve become thoroughly f ami l lftr with the r ™ 

matearlal and approp3rf.ate teaching techniques, a considerable 
rednetlbh: In time aay* bf effected. 



^^ ^^f recQimn^nded 'that the aaotlori on dlvlgl blll ty be^ 
treated TlgEtly Except ^n" tTit moft^" MLpable dlassiss. Teachers - 
reported on ths sections as followsi 



Most teachable : 



M^st difficult: 



iV Other bftB.ee (g) 

3 J Operations . . 

1) Teste for dlVlisiblllty 

3) Chang j:ng bases 



Historical treatment... 
(aj Baee^ sewn 



A few representative comments of teachers follows , 

I have never seen Interest ae high toward mathematics i 
There was no need for motivation, 

I feel that more exercises should be included. The 
• ^ children need lots of practice ^before , they .can handle. 
thls matsrial with understanding, . / 

I noticed the slower pupils expressed great Interest 
~~at ^ first but Iffs t interast^W'som^^extsnt^'inrtH^^ 
difficult portions of the unit. 



1 am sure now that the time It talcas to teach It depends : 
somewhat on how much experience one has in teaching tMs^ 
-material-^'- — — — — — ....,....™™,._,^^ 



rn 



-One-^parent- commented that ^the--advent-of--the^ 
matlcs had made their dlrmer conversation vei^. stimulate 
ing. She hoped the "new" math was ^Ing to continue 
next yealr, ' ^ * 

On the whole the unit was^well ra'calvedv I have a few ' 
pupils who were vei^ poor producers^ but did very fine 
work on this unit. On .the other h^d, a few pupils (2) 
did not make any effort to absorb this new material. 



25 
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3 J. 



teach this -unit; .:?fc6:j:t'ye';:s 
^^ipe'^-iil^fiad'^^i^ prevloii&ly to *tr>s to teaoh 
^- ' ^o^'gOBfeWO^r^^^I^tf^liraie id^^ to adurt8:>lth mind seta Of 



'•4"4-r3^; V-BMl^MwoSiias a novelty? and caused imuos;^ fun In the class. 



7„ ^ 



.1 -r* 




I 






' MXTinUI. NDl&yRS AND ^0 




1^ .V='=<»si*v 
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^5 



7 27 



piiM>:si4?r """" " " "" " " " " " ...... 



itmml 1ft;gttb6 and pigQ 



are tlia smbtrs 



1^; :■ 



-s*. 



taamber ie an abstract ooneept 
an Idw rather tbu ara&etbing 
ggii^f fttaly ete« 



lij eonnttog sets of thlngB, bat 
avantiuUy the idea is elear ^en 
without^ aountlsg 



^0 



The Idea* of countfeg ^ imtohlng 
1 (one-to-one porre^ondenQe) should 
be devtloped, Thf idea of Hvdoe 



as maiqr*' is ueeful Ih its ow right 
and in oontrast tp^"J|ust aS awy." 




Skills asid. AMlities 




„^ J*.-. 
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2tt Addition of Mtisidl nmbers is a 



2. K«dtoess to use tt*^ 



.T*m-3 




Id -B£t» ft^ sttident oomt tho vindQws 1& thf ro^udwother eount the 



E^laiii that mail lOTontM tBe^ f^st ajmbers fdr eMi^lngy u 
tUv Is an la^rtaBt Idta, finea use It evwy di^« 



Ask • We haT9|ml7Mdy stem t^t somb^A Md inmssmls art dlffwent 
(r0¥l#v thla)f aew Itt us $ee if we mii get a bsttor U 



a msiber is. , * 

Cu yoa rmenter bw you leaned the mmber 9? Have elass dls^ 
rafs this. Brl^g out that a ohlld aounts seta of ^9 thiiigs aa£gr 
tloes aad graduaUy ^ts the idea of 9* althou^ the idea of 
mmibe? stasis with ooimtdAg, erutiuJ^ we get the idea so well ^ 
that we oas think of it wlthoirt oount^g* ^ 



Ask « Can jrouHhink of smethlng alse'^that is like this .besides 
amber? Suggesjb the color red| if a good one ia not put forward. 
HaTe^eUai diseuss this, ^ing otit that the property of redness 



EKLC 



is again an idea (like threeneis) « noct smetMng that one oan 
feel or see. One ean see a red oar but noti'the aolor rm. One 
-"eas^ee three^pples but not the nmbef ^3." "™ — '^"^ ' — ^"""^ — "'^ 



-"^7 ^ (other similar oonoepts-that"^ean^ 
stronp&essi hraeityi ete^vi "but these are a little leas pre« 
else) Eswiplea of twiod aa muiy (^es and peo^e) should be 
jglyttn b^^^ student. Onm Mght go on to four times, as mMyi^ 




^roises 

2« Rro^de eaeh student with soim objeet for eountersi miah as squu'es 



4^ ^ Slued the-ccmnliliig it©ps are 



mit&tlvlty property holds. 



Ability to add from 
top to bottm - ^d fro m 



bott^ to top« 



2., MuTt^Iloation of iktwal nmabers 
.^ffiBmtatlve operation 



Not aU opeTOtions are comautative 



2, ^ Readiness to en^loy- 
cciiiutativity vhsn 
appropriate 



,Sea.f.ve£=^^on the ieft, and have thea.va-ite "2 5»'t ^. . • . 

Ravt thim write thesti srat^neea also using Roaan numarals to / 
^wphasisg that they ar# adding ^umbti^s » >Dot num@ral§ #' 

Aak * Wa iee t^^ 3 ^ 2^ 2 + 3. Do ,yQU sup^s@ that this holds v -^^ 
nay two Mtwal mmbsEa? ' Does a * h - b + a f or aey two 



(this way of writing ia to aaas* that wheneVsr we put a 
lii^aral for a and a nimeral f or h i^e^lwayb get a true aei^*^^ 
tesce*) 
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^phaaige that this ie the abmiutatiire property of addltlo|n for 

satural Mmbers* ^ ^ ^ 

ilao: point out that this la a property of m^tw^al nwbers^ 

and does not, depend on what kind of numerals we use* 

Have students do a few exercises in additlop where they add from 

bottom t^ tpp aid eheek ^ adding ftom top to bottom* 

1217 96 v83927 (it can ba pointed out that this was an 
£13927 ^ 37869 ^ 

^„a7|t69_ ,.1217Ste ^ Barl^r^way^of wra.ting.„additfon0^}^.__^„_ 



2a Have some diag'aAs on charts ^r_board| of st^s injttiiJ'lag, 

Ask * How laany stars are there in the flag? Did yeu 
.^oia^t them all, one by one? If nobody sayf he epuhted ; 



% X X X 

% 3rx t 

'X X X X 



rows and colums and multiplied, point out that this - w^ld' haW been 



^quicker way" to do it< 



irirx^r^*?tWi?y*^refer to this dia^^ BXiA iB^ iiM^l^^ue^ii^B^ 
% X XV. ' ' ■ V - ^ 

Bring' out 'thai^ this is the same dia^am as before, 

31 



X X 31 
31 XX 



' 90® and then »Bk ^ -I» 6 • S ■ 8 • 6t Jlnn stuSmtB toit© "6 • 0 - & ♦ €MM 
*^~r- Biv* atudents discuss whetljer^jofiltlpjliestiim of Batm-al i^l^eri: -'^^J-^r^tJ^ 
. . A eoQiautatiTd o^entlw. ft-lng out that so utttif vbat th^> > rr^ 



nusMrs u-ey tfaat niab^r of pbjeots aoiAd alvaya be an^raged^ in /c-^ 
rows as abore , so tUs holds for a^y nati^i^ nunbers *. 



State and tmphaslse tko ooiasutatlye prgpwty of mi^t liillcatloB of 
natur^-smboFss -sr-»'b - b « a beoomss ar'^ruo-nBtwot whtBcVsr--- 



' any sta&srals for satwal ambers jmt la p^a# of 'a' asd 'b'* v > 
Preki^t ^bs tamtobl©^ ^factor'' aad •prokuct." ^ ^ ^ ! / ,..;u^ 

1 *fSactor1, ,1s q^e of the mMbsra df a produot.^ i • 

Do^some oxerotses 4b n^tlpUoatlon to show that the oomaititiTO u ^ ' . 
prlfidipla may be used fdr checkififi ^ ' f i ^ . : 

6937 , 5834 Ppisit o^t that the iidivldi^l steps art JUfferent 

: " ^ " . .^r - ^ "it 

Id the two oasesiaA^r therefore it is no4 M 
that the shme miitake wou]4 be made i£i^^th aasbs* 



.E»toiafs j-_a^.aBd..3a.. ---^^ . . .... L . .,. . - 

Slaoe this my be the first ©aq^ertenq^ir of i|ett©^^ 



the lQequfa,l1^ sjrabolB^ < ^ > ^ aad 5^tentidn.jhoi^ 




to their ulte i^ olass discussion. ' '^^ ^ i r 

for the olaM, .Those Cotmm B are confiji^gff sore dif f loiat{^ 
The teacher may wish tj^ assl^ ope set tq^||i|fl^,^f the oUss azid 





T-ii:-8; 

=, , . .... . ^ .. . ^ . . , , _ ■ ^ .- • . 

of natidral hiirt^ 




1 r'-:^l4Li=„ — ,-S*«rS*!S:T4r^ 



5. w,^'^«tS^ 



is an apspaiati^t ;^peratloa ^ . 
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X s 3E X ic X JL X ^ Thm have them push the first two. pllts 
;bbgathaF and count tto total vriting "(3 -^,2) ♦ 4 ^ Than have 
thiOi pu^ the second two piles together mA write "3 + (2 + 4) * 
Repeat for other ntambers if necessatye * 
(A short rcT^ of use of parentheses^ may be neceisarx) 

■ -■ 

Foist out that" this is ji^fiaiple l^t vel^ JjiporCISl^^^^^^ 7 
natural numbers* If we didn^t have it we would need many ^ many 
j^rentheses* We would need parentheses in a numeral like 3^2$ 
sine© this is 300 * 50 + 2. 

State and emphaslsa the asaociative property o f MLdltion ot _^ 
natural numbers i (a ^ b) ^ c ^ a ^ (b + q) becomes a true sentence 
wheneveif any numerala for natural numbers are put in place of *aS 
»b« and »c>. 

Ask « Is multiplication of nati^iil numbers also an associative 
operation? Have students try a few exunpleSi such as 

(3 • 5) * 2 apd 3 * (5 • {*Bcmm students may be able to 

'See tUis using cotuster^f 'but this may be confusing to some*) 

Make slire they do not cqnfuB© the cOTmutatlve property In these 

.. ^ ^ • ^ ' 

exercises* 



;'§jtite and emphasise the assoaiatlve property of multlnllcatloff ot I.: 
natura^ nwbersi (a • b) « c ^ a • (b • c) becomes a t^e sentence' 
whenever my numerals for natm^l ntmbers are put In place of 'a*f 

-«>*-and-»a«, - ■ : \\ ' - 

Ask - MM you tUnk of , some operations ttot are not associative? 
Brbig out that division and mibtraation are not 

. \; ' (8 ♦ a) ♦ 2 8 ♦ (2 ♦ 2) " ' ' 

V (6 r 3) - 2 ?^ 6 - (3 - 2): . 



1-in-io 



4« Natural ni|a|baFs the dis- 
tributive .property for miatl* 
plloatiofi otpT addlt^n 



4* Riadifiaas to uie the. 
diatrlWits preperty 



''I -*> '° 



The student should be 
aUe to dlatlAguleb 
betveeh the cf»eratleii ^ 
of the assoeiatlTe and 
4is«|rtLbutlve properties. 



Li property Is very 
important ,ln ordinary 
oultiplyJ^g 
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•12 



: < E^rplse 8 ia givdn ta amphasist the diff evened between the 
assoeiatlYe jmd the distril»itiT#' preperfcles# 

■ ..;.:.^.-:.v. ■ ■:■ ■'■ . ■ " ., . 

A« BraTida student i with counters « Ibve tl:^ 1^ out 2 % 3 and 2 • 5 
side "bg^ M 

3C 4 3C % X *^3E X 

X % % ' ^ X X K X X 

qrd ask » If we put these togetharp then we have 2 times what? 
1^ (have thm push the obj eats together and ^t 2 rows of 8)' ^d have 
them write "(2 * 3) + (2 . 5) ¥ 2 • 8," 

/ Repeat for other numbers, - 
Have t*i@ 5 ~ 

i ^ ■ ■ ' . . 

X X X X X X X X X X 

X X % X % and s^epsMte into x x x x x 

X XX XX 1 XX XXX 

• \ 

Haire then write "3 • 5 - (3 • 2) + (3 . 3)" 

( 

Repeat for othej mmbers of objeets* # 

Ask ^ Uhat property of natwal^laimbera ean you see trmsk what we have 
been doing? Bring out the distributive proiDerty ©f mulgjplleatlon , 
over addition I ^ 

a * (b ^ c) ^ (a • b) + (a • a) beoomes a true sentenoe whenever 
nnmerals for natunl numbers are put In plaee of *a'p 'b*p and 
Do some exercises in replaolng the letters ^ numerals p Ijieluddng - 
R^mn inuerelSp to mphaelse agai^ that this sentenee Is tol^rig 
about numt^rs « not numerals. 

Ask - How do we multiply 356 % 7? Wr^e out the aomputatlon m 
the board* Point out that whm we do this we are really using tto 
distrifautlve property I ^ 
- (7 • 300) ♦ (7 * 50) ♦4? • 6) Is what we aotuaUy do and this 
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Coaputatlosal simplif leation is 
often possiKL© ty uslAg ths dls* 



preptrty to the pradi^Jof two 



(a+b) (e+d) ^ ad*be«e*M. ^' 

5, Thm sat of oatwal numlDere Is 
oloeed with respect to the 
addition and multlplloatlon 
^aratlons* 
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^^.^^.^^^^ first mpfoislng a s@Texml-digit ; 

fiiMdzmi^^^ i^^^^^^ to empbaslie tbat th@ distFilfUtlte propertir^ 

Poifit out that the dlstributiTa prlnolpls Mn be used to mkm soms ^ 
eoiiputatio&s wslar if v@ mtch for places to use It* For esimpldp 
vhioh Is easier to dos . ' 

-^-T " " r ( * (3*3 * 21^ 3a * (695 ^: 214)7 ~ ~ "r-: 

fPolat'out that In finding 357 ^ 125 ve usa tj^e dlstrllutlva property j 
repeatedlys ^ * 

(300 . 125) + (50 . W5) + (7 • 125 )> 
. ^ [(300 • MP) + (300 • 20) + (300 . 5)] + [(50 -100) + (50 • 20) + (50 . 5)1 
^ [(7 • 100) + (7 • 20) + (7 • 5)] 

The student nlgbt get to the poJAt of ssej^g throu^ maurous 
ndinerleal asmples that the produot of two binomlaia la the sum of 
aU the products of msmbers of the first fe^ ambers of the second. 
See Ixeroise 6. 

- I Zeroises 4 ^ 
. / 5* Ask « When we add two natwal nwberS|..l^hat do we get? ^Ing out . 
that we aiwaja get a natwal hmEib^j and that tl^rr is only onejvi: 
^ ^ sua for any two natural numbers » ' ; 

Point out tyaat^thds is what we mean when we sa^ that tto set of 
natwal numbars is closed with respaot to the operation of addition. 
Do the sJffiilar thing for iiultiplioation. 
- - -^sk «^What a dl^lilen? Brtog out that when one natural nnaber ^ ^ ^ 

is divided by another m eometiTOS get a natural number and soj»- 
' times get some other kind of number* Hence the set of natural num- 

l^rs is not alosed with respe^^o thm operation of division, 
f . Do the si£i)ar thing for suhfcraotion* 
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. * ■ * 

division is the inTerst operation 

f 

SuBtrafitiw not * : 

alwys poiplUe^for natunl 

■ ■ ^ * 

Addition and aaultlpllcatlon art 

the baaio operatlona \ 

> 




s 



to mse^be 



AbUity 

eonoipt of Inve^pst 
optf ations in qbeoklng 
amputations 



The natwal nwoihers ha¥e order 



7« Eeadlneia to employ 
the oonoept of bstween 
ness 



ho 



6* Aik -^ Suppose think of 5 -^^3 then add.j* Uhefi yom | you 
^ get 8. Wiat is the iaTorae addlxsig 3? (uswfr/* subts^otlog 3) 
/ Bow do v# use tHis in bheokljag addltiofi ud suMnotlos? 
Brifig out tfa&t in addition of 2 nmbWBp subtnrtlM 
b9 used AS a ohdok* In subtraetioni addition is %hm obeck| 

rj-—---: -^gggj^jgjj TgyStM is tfit Inwf sS^Of 

Do few exeroisej Ip oheoklng. 
Ask ^ Wlbat Is tfae Averse operation to smltiplloation?' B^Ag mt 
the 1maiogou#^deas to those abore* 

So some a»rclses In pc^tipUoatipn a;^ ditipl^ 
Ask - Can we almya subtraot natura]^ nuaAer fif^' another? 
]^lpg out that one oannot (if sobeone ^j^gi %p M U|^tl7es 
' ftr dlffereneesp point out that thlsria ppssiteie, IMrt titt^; the ' 
result Is not a natuj^l ntimba^i;) 

Ask - Can we always divide one natunl puo^ber hy aoQthe^|^ wJjflfjg 
out that one cannot ^ \d.thout getting nnmbers whloh ar€i'^|^;|uybural 
numberi* ^if^J ' " 

Point out and diseuss that addition and multlplloa^ti^ l^^ 



operations p having the closure , coomutative and aesobifitl'^ p^per- 



tlei^ while their teYeraes do not* 
lierciMS - 6 • '^^^T^-f'i^^:^^^S^'^r^^\. 

7m Draw ,a row of dots In a horizontal line 
thm using ntnerals m Write nuserale beside 

9 9 ^» • ft ft ft ft ft 

12 345678 9 




at the far 




right of the board (when there is no^;ftoj?ei Ifeca^.to o^^^^ 



tinue) make clear that the only reason tp stop ipif}i$Vj^a^j£^ 
the bMrd (and perhaps lB.Qk of time) « tt^t this taping oi^ *^o|^ 

41 r':^^^;-V^'\';:>4-j\ri' 



T-III 



Added skill -In use of 



8* 



Eropartles of the number 1 as 
the Identity elament for multi- 
plication 



8, No nattei' how mas^ 
times you BM^iply 
by 1, the answer is 
the same ■ 

9, To WQjpk confidently 
with the ninibe|' i©ro. 
Especially to dis- 
tinguish between 0/3 
and 3/b, 
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4& 




I- 
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^.vi^■■:-:■y:-- V^^■:■ • . - ' : 

We cto- tbJW^ for natural nimbery. Tbty 

art Oftferad . or Uned up* W@ cm tell vUch^aoad fir at and w] 
we betwoen two numbers* 
' ^ Point out that we could make the row of dots vertical 

-or on a slant if w© wish/ 
_ _ Do using **<'' «ad b^ 



EMifalses 7 ^ ; 

• ^ • ' ' ^ ' ' . ^ \ 
Ha^ a student measure sometMngf suoh as the lengbh of a table* | 

Hake m^m that the measurement has a fraatlonal part* 

Ask if in measwijig we could get along ¥ery well with only 

the natural nuabers* Have class discuss. Bring out that one soon 

needs fractions , ^ 

Make a^'llst of activities (suggested hy the students) in which 



l^^^l^ural mmibers are not sufficient* 
8* Ask - What is the product of 1 and any nmber? Whi^ is the inverse 
^f fflultlpSying by 1?^ Do some exercises to bring this out* 
Ask « What results from adding 1 to a number? How this be used 
to d^elop the number systra? - 
9* Ask ^ What happens \ALen we multiply a number by garo? W^ la this 
true? * * 

. Ask - What happens when we add or subtract 0? Why? Show what 
happens jji numerous cases* 

Ask * Mn we divide by zero? Cm we divide a- niamber In^^o sero? 
J Tbete should duch discussion to fix the difference* 
* 8 ' ^ 

In the fix^st exercise the student win notice that the wswer is 



: Jreg if the number invoked is 1, 2, 3, but that the answer is no 

V, • / ■ ^ _ ' ' ' ' ' - • ^ „ * ' ■ 

^vj' it is ^^ K a mi 2 is 4| w^re jQoither of thim 

0 



i*\4« In fattti^'tte^^ without asslstanor that the ansver 

if ^yes*^!^^ is a priai n\mb©r Md ^no" othewis©. 

^ Iia exex'&lse 5f 'w»ious dif f iwlti^s vofuld appear. In tha 
f Irat jplaiia O/O wo^d be ^ual to m/h since 0 • a ^ h • Q* 
Aaether difflTOlty^^ multiplied iy 0 ii 0 

Jhenea O/O wcndd have m equal right to W7 natural nimber* 
HeM €Eere Se t65 iai^ insweM and f or 3/0 t^ere Tia no SnawerV^'^^ 
Both are tmtimaUe^ 



■.•'\'X/Vj.>",,^>^, a, 9, h, 1 

V>v,2.-u^^il||V 3> 4, 5, 6 . 

; ';.5SK^I^' ^+3' 

V, vii vii,^ ixy.x/-# ' ' _ 

3, :nbney J^, 11, ISi'lJ 13, 14, 'iajJ^itS, 86 (all of them)u . 

4. a) 3 ^) 6 c) '1 d) 7 #) 8;; ,f)f t 
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^' ^ ? ^ ? ? , , , rrfr 0 n n 



f f f ' ' ' rrr /I tl fl j | 

' ' xxxxx 

6, a) xxxxx 3QDC b) xxxx c) f^cxxx d) xxx^ 

xxxxx XXX xxxx adcxx K3f^^^ 



. ■ '\ XXX xxxx xxxx ^ .yw^^JM^ 

X ^ ' -»CXX ^ '^?^3QtXX 

7. a) 12 b) 16 g) 30. ' M 

8. NOj have them sit dovm. If chairs are neededj people 
will be left standing. Only if you knew how many chairs 
wa had In the room and counted the people standing. 

9* No, 148_. 
10* Check grade book for studentB with no grade 

11, a) 2 b) 3 is ' 

12, xxxxx xxxxx ^ . 
oodoo ^ , 

13, '^^1^ !niat you don't count someone twice 

14* shoes and people^ gloves and pedple, eyes and noses. 



^1 . * 

1. a) ' yes 

■ b) . yes 
-c) yes 
• d) , ye's 

e) yes 

f) rio 



^ s) ' yes 
:..^-) ' no.- . 
l) yes ^ 
J) /no - ^ 
k) no 
^1) yes 



f ' 



#) no 



2. 



155, 7 52 J 



a) yea _^ 

b) ' yes 

c) yes 

d) yers 

e) yes* 



it:. 



5. 



2, 052 J 25^620] 289,884 
7,b64,a32r (J94)q 



a) 


T 


b) 


F 


c) 


T 


d) 


T 


f) 


F 

■P 


s) 


P 




. ' /, B . ' ■ 

, ' a) yes 

-.'.-b):'. no 

e) ^ yes 
d)' yes 
e;, yes 

f) no 

' 11 < or 4 

J) > or 4 

k) > or 4 

1) • = 



m) 

V n) 

. ' 7,554 J,/',,' 

( 10110b) g;;v 



a) yes 

b) yes 
c) 

a) 



yes 
yes 



1 t 



e) no ^ 

7, 448 1 ■ 952,767,671 
(I431#xi (1,000,010) gi(l43,8e 



a) 






b) 
c) 


F 
F 




d) 


p 




e) 
f) 


F 




s) 


P 





r2:.r 



ERIC 



46 



LiF.?V.-.TA?;V 



3i' ^ y 



•T-IIX-21 




■6. ■ .a) -■ 

'''■'■y:^ "4 or > 



.■1 ?; 'C'V^V 



o) 4 



•Vv 



• ^ 4 or < r 
■fixercise 2 a ^ , 

'8. a, b, Oj are oommutative 
••"9, - , 

10. 3% ^ 3^^(3*J^) ^ T+12 m 19 ] oparatioh is 
^S:% '^3'¥{^*3) ^ ■ 7+12 1^ 19 f oomnutatl^ V 



■ -I^ V v X W > 



6' ■ 
ERIC 



a) 30 "w" 30 ; , 

b) 80 ^ ■ So ' 

d) " ' 504 i'^ Sd^;,:;,^;:- 

:a> 3#Si^000^^U, 5itf ,000' 



Exercise 3 

; y;--;^ ' 13 ■ ' 

c) -'' ;;2irv*'^2i7 ■ . ' ,,, ' - . 

2. No\^- aubtraiot'idii does not have the isgpaiatt property, 

3, No - division does, not have the assooiattve properfcy;^ 

^ ' . ■ " t'-^r 

a) €h-(1+9) ^16 a) 72+(9CM-10) ^172 

b) ^(7+2) = 14 or (^2)+7'* 14 b) (50+20)+36 - 10b 
'^^^ ^ 

d) , (a^i)+T2 « 102 ' 
, e). (34^fe0)+522 » 922 

f ) |,^&^5)+63 « 123 
. 8) ^(364.4) -/S3' • 



or 50i-t3Wa6) ■ ^; log^' 

c) 28+(75+a5) Jm 128; . 

d) <83417)+46 / to 146v 

e) (3+7)+(5+15) =" 30 

f) (5fe^-44)+( 23+77) 200 
S) (l8+2)+.(i^'g?i)' -''60 
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53 



Svvl^^^^^^ . .. a) (2x5)x67 -*670 • 

' ;t)(5><2)x45' W 450 ' b) (25x4)x86 « 860P 

. ; c)7>c(25»4) ^ roo ' ' * c) 38x(50x2)- 3S00 ' / 

d) (50x2)x33 " * 330d (3x4)xll « 132 

6, yes - .w uSff assoelatlve oommutatlve principles 

~j-^^ -:^o( ^^ you have lnti?ottuaecL an 

■ y / ■ ' additional factor of 2 

Q?- y6a 4 0<(6+-5).^^ (2x6)+(2x5). (No^t yetj tiiis 1b the dls- 
trlbutive property' of 'multipii 

9i (2+3) •4 4 2 or g+(3'442) other posBlbllltles Involve double 
.lx#r-ciaeB--4i- ..^ ' v.'-. . . , , 

' ' • ■ . ■ 

;"' :^--.3a::'. ", - ' " a)^ 52 — - , 

■ by =45 : ■, . ■ ■ . t) 84. ■ " ;^ ... 



■■^^ tf) '45 ^ ^' ' c) 30 ■ ' 

"r; d>,>^^^^ . " : ^ ^ dy - -69 ■ , ^ 

e) 38 ' e) 74 * 

f) 53 ,\ ■ f) 675 

g) 72 ^ ' s) ^6 
;v h) 10 ^ h). 84 

i) '. IPS. ' , . ^ i) «08 , ■ 

j.) 105 , ' . J) 

2^.,"a.) . 48 *'48 ' ' a) 108' ^ I08 

b>'- 36 ^ 3^> . b) 77 77 

''. e) ' 25 ^ 25 , 0) 132 a 132 

dj 30 *, 30 . / . d) 165 ^ 165 

\. e) 119.= 119 ' ' e) 115-113 

' -fy^'-'-^s' 48'^ - ■ / ' ' ' ' 'f) 792 ^ 792 

. „^ 4s'-.42 ' i) 3840 - 384o 

" . ' h) , 30,00(5 ^ 30,000 



h) -27 ^ '27 



1) 112 w 112, 



■I i). 9^ ^ 90 . J) -90'^ 90 



^^.. -4. a)- -(4.2)+(4.3) . a) 5(264-7) 

t-'-J • - * " b) (8.14)+(8.17) ' 

^i..^...^<iUM$^, 4' c) , (7.213)+(7i78T) 

■ - d) (6.13) + (6-27) , d) 13+11) ' ' ^ ' 

■ e)_,iaC5i-7) . e) l8(l^-|:17)' . J „J 

-4— af-^"<-fe4)-=^ (-2-3)-+-(^ == 2 (-3+2) --a|— (&l^)"»-(^'S)~+--(4--3)~— 

-b) •(l2+») - (3.4)'-+ (3-3) ' b)!/ (14+21) ^ (7-2);+ (7-3) " , 

_ (1^15) - (5-2)+(5.3) oj (36+18) - (18- 2)+(l8»3.) ' 

7 4 (?'t+l8) - (6.4)+(6.3) d) (40+16) ^ (8'.5)+!8r.2)^" "^""7 

. e) (28+32) = (^1.7)+(4.8) • e) (12+48) ^ (12. 1)+(12 -4) 

c ,^ f) (21+14) W (7-3)+(7-2) f) (56+42) = (14.4)4-(l4.^y ^"'r. 

S) . (254-15) ^ (5-5)+(5-3) . ^) (72+27) = (9.8)+(9.3) ;S ' 

h) (3+6) ^ (3.l)+(3.2) . h) (7+63)*- (T-lW^rS) ^^^^^^^^^^^ 

a) 78-45 = (70+8) .(40+5) [' a) 86.'34 (8CH-6) • (304-4 )^: 
= .70(40+5)+8(4o+5) ' ' ' ,= 80(30+4)+ ^6(3^4) ^- ^I 

• =C 70. 40) + (70. 5) +(8 . 40) +(8. 5)" • ^,-(8oi3^0.4#'i^ifii 

' = 2800;+ 350 + ;320 + 40 ■ i 246o+320+i80+24 " ■ 

""^'3510 ~ . ' : s"-29"24~'" -^--^ 

b) 13 .76 * (10+3) . (70f 6). ; ^)^: 53 .1| ^ ( 50+3) > (10+9)' ' I 

V =; 10(70+6) + 3(70+6) ' ; , : » 50(10+90+3(1^9) ^ 

' ■ ■ ■. > 988' ' ■ ; ' ' ■ ^ 

c) 567*84^ (500+60+7) •(80+4) 4 : f; 
= 500(80+'! )+6p(8o+4)+7(8o+4) , 

' *(500 .8c|f0OO .Mo .84+^0 '*%(r .8^7 

:' , 40i 000 + ^000+4800+24^560+28 

■■ ' ■ ' ■ tta*-«.^s™^7^628.,...., I...... ' . . 





0 



f|Bkere't-tes '9. , ^ 

^^:«<^.,' ..always %n Mimn number W # 
y nS, it ,l3 riot -Qlo'sed' un^der add|.W.Brr 



3)- yed^,^ . - : ■ . . . ^ 

aeti of numbers in Ex. 1, 2, and 3 are -All clojed under 



4?' 



no 
c) no 



d) 

-6h^ a) 



yea 

b) ^ no 

c) no 

d) yes 



7) yes,: due t6 th»ralatlonshlp of iddltion and multlplloatlpri 

8) no : ^ 

1) ■ a) , 9?^ 
2437 

d) , 1,003. 

e) .iao^ 



ERJC , 











■A " . 








if*' 




^^438, , ; '.. ' : 
" 962 , ; ' ■ , 




.'J . ^ 




1»37I ' i ;■ ■ ■ 






. t. / dj- 


■10.2,7^"^" ' 't,' " 




- 


. . ''^,l,#^ 
... 'go ' 


110, 0(i' ■„ ^ J 

■ ■ ■ ■ , ' . ■ ' 't ■ . 


.M 






■ ' , . . .. \ 










a) 


Ill 




100, 


c) 


' 2,002 . 


d) 


,^1,992 


e) 


19,21'9 


a/ 




O Jl 




o) 


24,432 


d). 


7,569 




165.821 




, ^ 1- 


a) 




b) 


196 




.508 


d) 






12 


aV 


TP 


Of 


^ ^ www 


eV 


^wp 


a; 




eV 


J www 


f ^ 






323 


h) 


5 


1) 


27 . 






* a; 


^w 




13 




^43=4- -Ti- 


' d) 


ll/ , 




11 



fet-^'66o6 



c) .1!5,8?0; 

d) 8,843 
#) 33,222 

4) a) 32 

b). 104. 



d) 



.14^-. 
17 



21 



e) 13 

i — 

5) a) 32 

^) 27 
e) 88 

f) 
g) 

6) a) 21 

^™^^-i02 
■ *d) 3 



1,462 ' 
30,802 
0 

1,722 
18,226 
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Ixerols&s 7 

:.:-':fc)^i',r2, 

c| 14, 



• 

11 




53: " 



14, 15," 16,: 20,; 21, - - 




fi'rv ■, v*;';^^^^^^^ beyond right hand ^rgln 

3) bX . , • 

. , 4) 15,&43 ' ^ ■ . • V ■ ' ; ' 

....5)^.,a)^. yes. h> . »482» to the left of 'Slfe' a) 3 . d) . »33V 

6) 6 people " 

7) 89 i 29 _L 

8) nos 

..noj noj if a<b and b<o, then^a<o (trans it lye law) 

10) 7i,*saaie| addlflg. the same quantity to both sides of an 
. \ ^ inequality does not change the sense of the 

inequality. If a<b, _,then a+c<b+o - 

11) noj yes J b Is. between d and c. 
Exercises 8 * ' , 

; 1) They are both 1| jresj no j 

3) o nnist 13^ equal to z^^^ 

4) no^ It Is not defined, as division by zero is i^oas 
(or not defined)- \ / " 



J 



^^if%;^-:';.:J:;',';>l§|f^A7 ' Saaple Test Questions , . " 
'%"'''?"f#7^:" '-^"PAHT I. TRUE -'PAISE 



Cf''" ^^^^^^^^^^^ natural numbers. 



T 2/, Tlie number of pupils In your class Is a natural number* 

mm^rmsi^^^iJBm,^^ ia^^a natural number*, . . . .«^^^^^-v--.. ^.-^^^..i^ 

- T 4. .1 + (3 + 4) ^ (1 + 3) + 4 



/9 



erJc 



T 5a Jjettera ma^ be used as symbols to represent unlmown numberB« 
, in the statement ( & + 3) X 6 s (2 ^ 6) + (3x6) we may.- „ 
Interchange the Mid the "k" Mid write (2 x 3) + 6"^- 



(2 + 6) X (3 + 6). 



.J 



F 8* The sat of natural nu^ars Is closed with respect to all , 
y arlthmetlo operations, 

JW 10* The statement 73 k 25 ma^ be written as (70 + 5) ^ V 

T 11. ^ The siam of a plus ^ plus o Is eq^al to the sttti. of b plus 

F 12. (20 , 5)- f it ^ 20 . (5 ^ 4) ■ ^ / ■^"'\^' :^ ^^ ■ r-^'^-'' 



P 13. if the sum of a and n Is equal to ^ thien\a mst be equal 

_^spe to multlplloatlon. _ L -^_^_^^ 



T; 15* When we s^ the set of natural numbers Is closed with 

I, we mea^^he sum of two natural niiia- 



respect to addltloni 
■ ■ • - r ^ ' 

bers Is always a natural number ^ 



^3 

5,') 



: ..PART.JI. ' MULTIPLE CHOICE. . „ .... 

1. ' The sum of any two natural numbers. 
km ' Is not a natural numbeK 

. *G» is always a natural number. 

D. Is a natural mmpBT equal .J^o otie' of the numbaps beijig 



added. - ^''-.''iy ;' ' 



E. nonf of these. ! ' 

^^If a and b are natural numbers than. ,a b *p :t m an ex- 

. ^ *A. oommutatlve property* J 

B* associative property. . 

. . • • ' . ■ ' ■- ■ . -if- 

G. aistrlbutlve property, ^ ^ 

oibSure, . . 
E, none of these* > . 

3. Choose, the nmnber from" the following which Is not a natural 
number. ■ ' . . ■ • 



A. 2 

c. T ;^ 



D, 1 w 
«E. none of these, / 




^VQ^esmm$.m&r6Qnlu50 cents, how^^llM^#|iili^%M7^^^^^ 
l^lu|^ea«fSv .What Is tha beit iolutloh?'^^*:';;V-i'h^4-*AM^^^^^^ 
*^^v„/f:i4?i.^,::vmX^,:3id*^;:dlvlded by 25/ « 2. ^■^^-'-'^-^;/'t ■^v.r.^j 



is'Vvi'^^'-i- 'vB»v '.25^ "divided by 50/ = 1. 



C. .ii.SOj^, divided by zero e not poaalbl©< 



Sj»«*2S3L.^iXiA®^«?y. s infinity. 



- ...... 




ZeTO tlokets beeauie half a ticket would hat* '4*H 



5» In uhleh ©f the following numbers Is zero not a* M&beH&lt^leS^tJ ^-^^'^ 



A, 


110, 




101, 




1.01 


♦D. 


oiii 


1. 


10.1 


Solve the 



i ^4 -'/'^ 'i" "V^^^^* * ' 

6. Solve the following without doing the computa,ti6ri;, '/"Jf-.the 

number named by (987 X 65^) + i^&T x ^t73).ig ip^e^fT^. B&t ' U 

; a:;v;.>.'.}; .'•.••;!.'• -^^^^^^^^^^^ 

the remainder would be, ' - . .^, ">'•';;•.•• '■ 



4 ' * 



C. a number ' between ^1^73 an;(fl,65%4 
J>» the sum of 654 and 473,' 
E„ none of these. ' ' w 

t.^. The fact that a + (b.-H .c) la exactly 

an egaflfflle of,j,ij ' ' « ■ 

A. diatribtitlvlty," ' . 



♦B, conmutatlvlty. 

C. closure, 

D. associativity* 



^1 
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.-•8. ^Tfei.'slitement "the quotient obtained when zero Is divided 



; a'-Wamber is zero" is expressed 



hy 



A. a = 0 



0 « 0 
a 



- - a. 0 i a 

B. a ^ 0 
a 



E. a X 0 m 0 ' 
-9,, The stam of the 'natural numbers less tham 5 and the even 
____^nartural-^numbers -less -than 9 _ — — — ^ 



3. 



A. 
B. 



12 
14 



w 30 

, 1 , none of the se 



i 



i. 



378 
/192 
Jt2 



J 



uff 'of these.. 





i'^SIfebe zero. 



a or b rfiist be zero, 
!a^nor b must be zero. 

. 56 
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X;'QtiE|T^4?tb)ibitea;' - are eorre i ' 



• .Sw41t^ PP^^ 356 X 7 is equal to... .' ' . ! 



A/ C;30b 'A 50) X (6 + 7). 



B. (3 X 7) + (5 X 7) + (6 X 7). ^ 

' 6. 300 X 59 X 6 ^ 7. 
»D. (300 x/7) + (50 X 7) + (6 x'7). 

13. Four boyjijftgtfid In a line. • Tom stands between and Uari^, , 

1 Harry Is between Jack Tom. ^*lch of the followjjig relat- ' 
-N ^ iblshlps Is trt|^? 



A# Dlek 1| between Tom and Jaek, i^r<S 



G.^ Jaoto;.lB between Tom Dlofci v/^^^^^;c^^^ 

^ ,iE^ none Of the^a atatemen^ii ie tmi* '^^^ v " • ^ 

lli If a^^ bj ^d d are nat^|^l ^wmbers and b Is ii^tweeh k and o^ 
. *V which of the fpllowlng i^elatlorip is trat? ^':y::yM^i-- 'r' 
♦A* b + 2 Is .between c + 2 and & + 2. ^--v • 

I >B, 6 +'^^^^^b^i&teiin a + 2 and b + 2. ■ - v^i^ v 

/-^ C. a + & .is^'^betii0en;b + 2*:. ■ yr/^:./ ■ 

^ ; : j D* all of the ^aboye ... oheleesjitee.. .ti*ue * ..w^ ^ ._ ■ 

x .:,-;!^'' -i' none' "Of ^thea0# ' . '-^^'^ ^1:^ 

Igi A sln^ler nitoe |f or 336 - 124 is 

' . '^"D. 118 , ■ ■ ' r 

^ ^ ^ *E, none of these • = r . , 

ERIC 




■E.^nonefof the above statements are correct. 
f^^^^^^^^S^Stverse opemtlbn used to chec^ ittul'blplieatl'on Is, 
J^„-4v/.^acld(LtloB_ Z^' " " v ■ 
V B.'*' subtraction. ... ; 
"C," "multiplication. ^ .J . 
*D. division. , . ^ , ; , 
.^E^-^hdne-Of-^-theBe ^ ^ — _^.L— _ 



-58. D* a V b 


» a(a + b) 


■'■^^^^A."-6 




■ B. 7: ■ 




*c. iq' 








■ E, Aone 


of 'th^se 


-19. A simpler najne^^r 


A. 25 








c. 670 





. 700 



' ■ A. addition, 

*B. aubtractlon, ^ ' 

0 . multlplliGatlon • 

D. division, ' . 
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Sj^^hone of thase . ^ 



PART III. CQMPLETIOH. ^ . .-nV ' '-^^ 

Pw problCTEiB 1 through 8 TOlte one of the following sjTObols ^ 
3| >) In th^ blMik spaoa provided. S&lagt the symbol that 
y/ r^jihoKs how thiser; numbers oojlpare. IS the comparison Is i\ptr taiown 



{;. !' write "unimown 



1 ::■ 



1. Sie h^ber of people in thle. room the .ntmibiff of 



nosei In this room 



2. The number of atatea, In the United State^ ^ 



nt»ber of atrlpea In the £lag.i^ 

Bie^npnbar of ^ states In the Uhlted States C^e) the nuffif* 



7 ber Of ttolted states ^nators. ■ ^ r 

ii:: 5> 3 + a U) 5 + a ■■' ^ ; ^ -S.- .' ^ ' ''' '' h 

' V 7. a ^ (unlmoMn) b + o ^ ' " 

Ca b) + 0 (?) (o H- a) + b 



' Solve the ^oblems frota 9 through 12 and wplle the o^rrect 
P fuiswers In the blanks i . ' 

9«: 9.x (7 + 2) ^ (81) . ' ' - 

: 10. 17 - (3 + '0 = (10) . - ' 

^7 ' 11,;^^ (9 x 6) ^ (110) . ^ . . 




fei3^ :£:3^vs;;^^ natural; numbea?i- then what Is) th© re- . 



■Siih^-i^i^flS^^^^^^ sit Of even 



nunfba^s and 

^ ■ . ^ .'^to>th©?s#i^ natural rrambers betwtin 1 and 11? 



hi;' 



5. ^^,the'pp6d^et qfsjbwo natural numbers is 3 then, one, of . t^e ' . 
niamWra jauit be (i)^' and the other (3) , . 



' 26.- How BM& im'tural number p are there between 3 and 100? (96) 



'/■■ 






1^ 




- " ' \ 1 ^ • 4 • .r , , L__ 



' . NWbelP\!bf ^d^s ^gl^en to the teaching 
. ( Ineluaing i^s^ig). .of this unit i 



V^E Tm BACK miB SHEET IP YOU 'BMRA SPACE TO ^ - . 

# ] ANSraiR ANY, OP .TIffi QUESTIONS MLQW 

1, .Hake statement about. the ability /a^vel' of the pupl^s^^ the^ 
class and;. state whethex"^ ^ou^ school uses some plan of hoiio^* i 
geneous grouping, - , L;^ 



2^ — Wiat^pai^ of the 'unit pw^vafl to be the^ost "teaehatle? 



3. What p^ts of the tmit pi*oved to ^e the mqst ^dlff loul% to 
teach? . - ' ; ^ ^ . ^'^'^ ' 



Did you omit* any pM*t'? 



4. Did you use aiiy: supplementary developBental mate2?lalsi 



If so, what Were they, and at what polnti^¥ire they, used? . 

5. . Did you find It necessary to pi^v^lde the pupils with addi- 
tional practice material* 

If so, was alt f rto textboote or did you write your own? 



6.^. Do you think that a imlt on thl^ topic should be included iA 
reQjiar textbooks for 7th and 8th grades ?, 4} ■ 



?• Please make ANY aadltlonal eoatoiints about your teaeh^^ expe|»i 
^„l^=jijact„wlth^tM.s ^unlt- which you think would be helpfial=J%.Jthe= 



fmel TOBponslble for prep^lng «id eaperlmentli^ withf^ext- 
book fflaterlal& f or grades 7 anta 8. ' .■■ . 
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6' 



Cl03U3?e ; 
^ ;^ COTamtativ^ and Aseoclatlva 



IDiequalltles i 
Ail 

None 



#1. 



Easiest to 

Teach 

2 

15 
'16 
12 
10 . 

2 



Most difficult 
to ^ach 

m — 

32 . 
1 • 
8 

. 0 . . " 
■, 7 ' 




0 

; 0 

0 

2 



':ajwo'tedcher^ reported- that they l>adnat taught SLll'iithfe, topics. 
IB aeneral agreement among the terfehAri who reported that 

Uhlt III is " the most interesting ^d utefml lailt studied thus 

• rar'L: " one of the he st .units that I have ever, taught . Most 

^^epo^ts reflect the feeling that the closer examination of the • 
""familiar counting numbers and the equally faffllllar .operations whjeh 
#hey atolt is not only important, but interesting to^the student, . 
Equally important -is -the rather gentli introduction to the use o^ 
letter symbols for numbers which It affords". A large number of 
classes omitted no topics and did not see the .need for supplemen- 
tary materials except in sections mentioned ' below,. Most felt that 
' thls'Tmit Is- desirable ^or the seventh grade j a small niaiftber Would 
'-^'^ei'-have-±t^ -in the e^gjith grade., ^- _ „_ . 



Mi^& specific comments", which occurred In slffiif leant ftimbers of 
' 'repotftB follow : " . ' 

' ' 1 A» i^y^-h^Tk^i ml ng .Jsk j.^gitv "of ,teflchers' repiOTted^,that_tihe„ 

•.' section imich ' Introduces concept of closure was the -most dlffl- 
— euit-^taJjiaeh^^ahei-e Jwas General , f eelings that, classroom dlscpslon^ 

and drill should bH expanded beyond that indicated in the unit.. 

'm connection w^,t» this little tim*. might well be ^"devoted to a ^ 

discussion of th%lntulfeive idea of "sets". ^. l 



.2.' Ar.sii^fti^ buffibat of teachers Indicated that etudente had 



^■^culty;-5fA 
\.^'eii^ry m^ 
"j^.,assignW.,,„.. 



.^^istrlb^tlve property. &ls section was fre- 
'^-6ne in which extra drill exftrclse might w&ll 




6^ 



kp.'" 



3t V;l^ile comparatively few teaohers reported that the section , 
onv . nti&btr 2#i?© wes ©.|peoiallf dlffloult, k large ^n\:^ber of tl|pm\ 
indicated that suoh thing's as division by zero and the^oonventlonal- 
fxolusion of ^epo'^frdm tl^ set of aauntlng nuAbers (even though ^& 

Jai^TO. *toay be used ^to oq^t" in a special sense) required addltlonai 

- ^j^hasis and e^^lanafion* 



0- 



Addltlohal Materials Usld 



Praotloe on principle 
irrfoCTiatlon on gIosup^ 
Cardboard squares and ui, 

for grouping 
Itoaber Bcale 
Simple interest probio^mtj 
Drill oii inverse opera tl. 



1 ^ L 



FoMiulas from geometry 
Abacus binomialB ^ 
Lateral binomials 
n?apezold ffirmula 
a-lef proofs ^ In algebra 
C^eraMoris Seta and Patterns 



UNITf IV 



v.. 



Men nittber 



f actor ^ ^ ^ 



1* ■ ; 



p*eato8t cCTim factor ^g*o*f#) 
Goldteoh ^oajsetw© J 

odd aimtef <^ ^ V 

salve of Ir^toithanes ' ; 

OTlqua f4&rii^Qn property M natia^l siaibers 

pafaraseas ^ ^ 



Basks^ Elteenta ^ HatheaiatiM, pp. 55 - 63 ^ # ^ 

Ckwaat a»d Eobblnsp Wsat A ^thmatlli?, pp*^ 25 - 3| 0^ 
rratind, A . Modartf ^ intFodurtlon M tet^tfcs, pp, 5k;- 57 

?gom The World of ifct^matlas ^ ^ « 

k ^ ■ 

BeUJ pp. 503 ^ 505 ■ ^ 1^ 



TMoW't Quid* *— F«etorlBg and ft'lMf 



WdwrtandlMa Skilla and Atautlea 

a prodmet of 2 (or aorf) 1« To i4oBti|^ flstors of a 



subors Moh of thoio BVP^WS 
li a faekor of tbf produot* 



n?ooeas of n^nd^g ^otwa la 2« to idaatl^ faotora of a 



eaUad "faotorlng** 



aatural s^Wr 



Bferj natynl nmbtr baa the 

faetor 1. Wwrnrj wmhrnr la a 

J ' 

produet of Itaolf 



A aatmal ^ImabOF la wUad 4« To raoo^aa quioU^ odd mbA 
■rri^" if it baa the faotor rrrat fiiabira ^ iMpeati^ 

nbarviae it la iallad ^ tbair duolaal ratrala* 



f 



i. Aik - i» 3 • 4? Write uswar "12 - y • 'k'. 

Afk -'Wtait other wsabers multlpllod to get 

Write an possibilities ustag two fartors om bowd, 
l^lalA * to a prodiuot each of the UTmbers is oalled a «faotor"t 
2# Repeat above j^ooess for s'tme other statural tHmberSp as 30, 

36p 42, 48f 64. ^ 
_ ^j^j^ ,^^*p„geSfc (^f finding faotors) Is mUW wfa^rlng.* 

P^iat out that factors of SOTe matural numbers say be found 

in seTenl different waya. 

Do soae olasi exereises in faotorlng. 

Ask * Doed 3 Ifeve the farter one? Does 7? M 11? ete* 

teilig out (tj introduotion on p«t of students) that ©Tery 

natmml number las the faator ma* 
Ask * If % i^^^iy natuMl ntniber, what is n * 1? 

facing out that th# product of My natural nuaber Ihd one 

is that natural number « 

k 

Us© a^iA the temJjQoloo^i "n * 1 ^ n* bec€ttes tjme 
. , vhenrver a tt^eral for n&tuiml niffliber is put In 

for n# ^ 

Briiig QUK aie« t^t tMs holds for iuiy numbers « 

not juat iMiur&i 4Vb&^rs« 
Brlag out th^t e^ery uatureil numbar has Itself as a 

X 

factor 9 a^ well aa one. 
. Aok - Thl^ of soae nrai^rfl that ha^e t^e faetor 2. Write* on 
,bOM^: Do we toow a name for the set of mmbers that haTS 
§ the factor a? Bring out that this set of natural nvmbers 



is called tie set of wn nmbers* An even number is one ^ 
vhieb ^« the faotdr 2. / < 
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A produet is ermn if mm {pr 
MQTp) of its factors is even* 



Skill ia using inductim bM 
infofaisl dsduotioa* 



N 



< 



erJc 



6T 



/J ■ 



ttrito nmo»l8 for seat largt utuml nimterSt scto oddp sctio 

•▼•n.' J. . 

/ ^ 
An * CiA yau ^ell m which of thess are rrra? 



^iJag out that tl»se^%fi^h ermn unlt^lgit are avan 
and- tha otbara are odd. . ^ ^ 

v^flk • SuppOM ve multlplj a natural nmber ta^ u aT@n nmibor* 
What do wo gat? ^^L* and writ© on hoard (haye^ ' 
stndmts r^ch oonoluiions JjaduotlTaly) that rooh pfo^ 
duota are always eren^ 
Msk * Can we be sure that tUs Is alwaya true? Ve tried it, €or 
anl^ a few eases* Bren if we tri^ a Dillon eases that 
would still be only a f ew " there would be so maiv^leA^^^ 
Can we reaam this out for all onural number s? 

BaTe students givm their own arguments (They mat ' , v 
be encouraged to say what th«r thlnkf no aatter how . » 
wHd it mj mmm* ) If no good arguent la pro- s t 
duoedp bring out the assoolatlTe law and surest 
they t^ using its Any e^tn swber has the faetor. > 
Zp so is 2 ^ a^ where a repfesmts any natiu^ 
' nmber* Thm (2 * a) • b ^ 2 • (a • b)^ fo^ any 

natural nmter b. We see that this has the faetor^^* 

(Mher ar^ft^uts by students may be equally ^i^alid 
This Infomal deduotion sho^d be eno^waged 1^ ^^^Ifff^ 
mmy valid arpmente proposed by studenVd# jtltfitot^be! 
Insists tha^t they argue'^^ sueh _a vay that ^^what they 



T-I^-6 



The stM of two tvtn numbers is mmn. 



.4 



11 ■ 



Th#' siEU& of as odd apd sjq 





The Qt tup odd n^bera 



is eTen« 

■ \ 



6 ^ 
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Mm 



9 



r^:i?r ' ^Polat ©ut that th© above also shows that the set of ©ven 

v^^ \: suabor© is clos^ fw naltlpllMtlo&« 
V^sk - Is 10 ©v«f 10% lO^? 1^? HaT© studoirts giT© thtlr own 
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tfgoantSf hut ©T©ntuall7 poli^ omt that th©y oim us© th© 
gmenl pxd&oipl© Just proved* (n Is any natunl nmb©r.) 

;A8k Is 3 • 10^ ©Ten? 5 • 10^7 Vta^? Again haT© studants give 

thei^ own tfgum©ntS| but ©naoung© thm ta us©-tha two gm©ral 
^dnolplos Just pr0V©d« 
Isk - Sn^K>s© w« add two ©von numbers* What do w© g©t7^ &lv© 

students tr^K m and writ© on board* Q©t them to state ^ 
the gnez^ priuoipl© th©j gu©ss (indmetlon). 
Ask s Row^w we teU if this Is tru© for all oasas? Have students 
giv© their own arguments. If no good one is produoed suggest 
that th© distributive prop©rty can to usedi 

(a • a) ^ (2 • b) = 2 • (a ♦ b) 
Point out that the set of even numbers is closed for 
addition* 

ft 

Ask ' Suppose w© add u odd number and an ©ven mmber? Again 
have students do Induoti^* by ^^ing oaeeS| guessing the 



general ^inolpl©. Than insist' that thqr ^oduo© informal]^ 
deduetlv© ar^raents to show that thalr gu©88ed prinoiple is 
l^eed true* One poaalbla girgomenti tak odd number is an 
even mttber ^1. So odd ♦ even is even ^ 1 even* 
We taow that even ^ even gives evan| so odd evm la 
even * 1, which Is odd. 
Ask - fhe similar thing for odd plus odd, a^ln using first Indiic- 
tlon, then Infoiml dedaigtion* 



7^ . f€ 
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« A natural muab^^ is Mllad "prjjio^ 
If it has enotl^ 2 dlffereat faotors^ 

(its©^ and onm) 

I ' --=1 

A natural nmber la gaUad "acm]^slts^ 



If it has more than 2 different f ae^iJ 
(if it has f^atars Jther tl^ Itself and I). 
There are^ 3 Unds of natuml nimbers 
eiasilfltd aasording to faotarabilitji 
fodj^esy eospositei^ ud the nmber me. 
One is not a p2^e# The oniy eTsn pflme 

is 2. ' • 



... 5j,iv-9-, 

' ''''S^- P^^* out that the «t of od^ mmlofiTB is not oloaid for 
addltloB* ^ ^ 

Do esdroises i&th odds ud treas, using son-deaiffiftl iiittitra* 
* Hmm (It is posai^o that a tolght student may us© this as a 

' - ^ r " ' ' • w , " , ^ 

basis for ^^m^^vm arguments ©arllor*; ^^^^ ^ 
Ask - How us said hsfors that a Mtunl suabsr v^s^ dseisAl 
wammnl sMs In an mwm digit is e^n« Roy can wt till 
if this is trus for all natural nmh«*s? students 
giirs' their om argmtttsi as hafore* If no good tfgimant 
is produoedi haTe thim look at some large n^ber^ iibob as 
3^787, mte it 3*10^ * 5-lo3 + 7*10^ * 8*10 * W 
j^elriously proved prlAoipleSi powers of ten are mwpnm 
Eren tljaes anytMng is oTen, so the first fow produots * 
are STen. Sins of erens are eyen, "so' the M%m of thi first 
foi^ products is eTen, so the nimber is STen or odd| 
depending on whether the last digit is erm or odd. 
Esereises * 1 ^ 
. Ask - think of some mtural nmibars that ha^e e»otljr two dif* 
ferent faotore* Write en board* 

a^lain that these ar© called wprlse" # ^ 
Ask - Row muiy of these are eTen? Ha^e students substantiate 
statments deductively* 

fe^plaln that numbers with more thsja two different 
faotors are' called "aoaposites". 
Ask «- If we put the set of aU prj^e ntat^rs with the set of kll 

aoqposlte nuabarsy do we have the sat of all natural^ numbers? 
Br^rg out ttot the number one la not in either set^ 



genfral prjjiclpla MTe^ • and Inforaal deduetioB* 

ttf^Wlsh. th© truth of ttot - 
prlnaipl« (toless ermry singl© 

If a gtaerailty hae baan guessedp 
a slngla Isstanea Is vhieh it 
falls meaiis that tht gentwilty 
Is false. 



The unloue faotjQriaation 
property for natural Bumbersi 
EvBtj epmposite number ewi be 
factored as a pi^duat of primes 
is m2y OS© way, feieept for 
ifirder of the f^atars. 



* 

7* To faator a aompoalte sumbes 
as a product of'* prlaea. 
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# Ask -i-^tot^s the sum of th« two primes 3 and 5? Ask for sms of 
B«ver^ ^Iri primea (iaways aaking sure net to inelud© 2 
• ■ as mp of the priffiis) and have tha ati^nts write the sums. 

• Ask item wtat they notice a^at the liumbeH which are sums of 
• two ^iMSy and tope for the conclusion that they ar« all 
«TM (or at Iwst eai^oaitej. Theft have them t^ to ^ve 

^^-^ - -^^^ ^ ga^l^like 2 + 3v Poiirt that tto 

It gaessed ^Incipla was false, '4nd that it takes ©n3jr one 

anaple to show it false * , 
: acplain that no matter tow many efflaplea ^js have (nnleas 

^ ' . . we ^hwe all possitta we do not hwe ^ pro 

Zeroises - 3 

Wien assigment''on GoldteQh's orajectur© i|, handed in, a^k 
if ai^body has proved it, toplaln that if anyone has, he 
^ will b© faaoua ty teaorrow, sl^ca mathMaticianp have tried 
for years to pro^e thl s but oannot » 
7. ' y^Tltm ^6*6" aftd ask how else 36 can he faatored. Bmvm 
stiidents writ# tha Tarlous faotori sat ions* 
f Point out that there are ecoipoiites for scyie of the. 

faotors, and show how to eomplete the faatdri»tion« 

36-^ 2 * a i * 3 (One could be indltti^, but is »ot 

" " * ^ ' .J 

' . * ^^0iiftskry. besides we just want the prima factors. ) 
flto^a^ iliaAents jeomplete the ftotorisations f or ^ho 
^ eMiii^las on their ^pers*-^ *f\ — 

Repeat for several other nnmbers and enaqnrage 
. ^ttdents to tell wtot thejr notlee. ^ 
^ * Bri^g out that the fina^ faetorlMtione are 

, ^ ' alike except for order (induction). Then 



T-IV-li 




8^ Given two (or more) siabers^ 8. To IdTefitif ^ f aetors^ eomm 
any number whloh is a factor to seTeral numbers* ■ 

of each of them Is called a 
•idbmon faetor* of %hm* 

1 la a 0oimm f ^tor of 
anj aet of nuiAberg. 



For ari^ ^ej. li^tuortti uunib^rs To flni the g«e«f« of seTeral ^ 
there Is alv/^^^ a ^eatast 



nwbtrb • 



common fa u tur 



To siApllf^ a tttL^ionm 
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1). 




0. 



SI 

1 75 



ask for a dedu€tl\^ ai^iumant that this is 



f>^^- , true far all aatural nmbers* 



IwrclMS" 4' 

.^l^la3^^^ TMs is eallid the "unique factoriiatioajroperby^ 
oi nt^w^l STntere^ « that €rwwtf eampeslte. utural ntmbtr 
; '^t^iya^t* fa Int© prtoes in od3^ one way, ©jEeept for erderf* 
' * Point o the acsmatatlvf Isw malces it aecessa^ 
td/ say ■exempt for ordOT*" 
l^lain that if sometbinf is "eraienj^t^^ a weral things then (i^&e, 
jMaB^g) it mews, tbat they are ^siMlar iJi some vay# If ti^ nwl^x'a'^l 
haT« A ctrtala nimbf r as a factor, we say tb» faetor is copMiE to j;>:^ 
b^. ,T' ■'• • ■ , • ' -\'r lf>^^^ 

\ Do ame exercises In seeing vhether sets of ^^bers a 

■ ' , ■ ^ * ^ ' -^i. ' ' ^ ^ 

etonaon faotor, ••g* 12, 18, ha^e 1, 2, 3 a^^^^'ln c^on - 
' " ^ ■■ ■ " ^ , ' ' 

^Jjjg dmt that 1 is a cMaon factor of "aU^ memtors pf 

aiy set of natiml rraabers* ; ' 

Go haok^to exerolses aboVe anfl h^S^trndonts pick out the 

/ largest 'Vmapn factor* Explain this is called the ''greatest 

common fact©r''*Md that for set of nirabers there; Is ,^ * . 

VaBfays a g. f . ^ ' ' . " 

, Do seme more exercises in^ finding comoidn favors, ^ 

. using large^^fts of nwbers and more complicated 

: t0 exsmples, until difficulty arises , and then point 

■ . ^ ^ \ V ^ , 

out that we ca& use the unique faotorl^tlon y ^ > 

... ... . , ^ 

pr^ertyi factor each nuaber in the set, Md pick* 

^ ! out'the c, f* ) . ^ ^ 

'^^0 find the simple pt i^e of < fiiRaotibn ue can" use this 

• ^ IdM of g* Qm fi# Shfav saie'ej 







-5 




9* If ott« nuffibtr is a fae^^ of 9* To idtntlfy mltipler ©f^a 



Mother 



tfas etooiad is 



Mllod a "maitiple* of the 



Gtm jmBbe3^li.re inltiples Q 



The produet of two odd jaumbers la odd. 



To fiebpille qui^0^^ Imlt'iplefi 

©f 2; JV 5^^7^1ffi4 1^ 



'1 
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V,:;^.^'!. 3 . 7-2 • 3 . 7*^2 • ^ 2^ - ; 

jj* , Explain ttat we jfaetor nmerator and denomljiator and ^ 

1^=^^^=^^^"^^— ^-^"i^^^ -g.c.f. Than we separate the faeters, . ' - ' 

ur . ' ■' • ' * 

... - *^ P*** whieh la! g^6^v/§,Qit iB 1, so we ean laa-?e , . 

It off. . - * / » ' ' 

^ (Do 'not Iflt' students "oancel" or nake narks X 



rmlBtsGint of that-praorti/' Do not let thea 
!Jfe4dv4de pt^ayator and, denoadaf tor the aamt 
thiiig. The ©sseaM of t£l^ proeedur© la the 



J*' ■FMto'vaiL ©f a uni t f aeton* ) 

■ foerelses - 5 



9^"' I^laii - IC 3 l,s- % ^t^r of BOOS natural mmhn then that nwiber 
is calle^^ «]nultlpi«"'-of |- Aik eia'ss to name se¥»r&l 
TOltiples'of 3. Repeat f6r otiwr munbers, sueh as 5t 6, 



V \ : : 7, 9. 



I Ask ^ wtn layffiber is always ^ 

^siig biliary OTaeratien, hew cm w© tey. odds and ^ 
Bring out that odds ©nd in 1,— aTfW in leajo, 
' I ^ Ask - la^t prbduot of odd nimb^ Brlni^outV 

r > product, will ^1. 

J ^ Pojrt out that the set^of odtf nimbar« Is cl^^ 

, V . for ffluJAipltoatiott. . " . 

\ — ^ * ' : / ' ■ / ■ - ' " ' . ■ ■ ' ' ' ^ ^ ' V ' 

; Ask^i'ln base men nuteeration, if the ^It a digit i^l^ger^, 

^ > V ♦the^WiAw atauitipie of whit? ^ * 



« 




IP 



7 



10. 



GlTSn "^woCer more) n^barSf 10* To Identify coiraoa isulttplas. 



U7 zrumber whioh is a nrultlpls 



"eoBsnon imiltipl©" of ^thrai. 

fhe gsmllest muLLtipla opdaan 
to two (or mori!) ntuabers Is 
ealled thelx> "least conmsn 
jnultiple'^ (l,Q,m,) - 



of each of tham li caljed a J's0 f. 



To find the JiMst eompon 

4.. ^ ; • W 

'ffl^tiple of seyeiml Mibars* V ^ 





1% 



■ ^ 
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To apply the principle of , , 
IwCtiB* to addltipii and sub-* , 
tradtlon- of ftpactioai. 




Wt'i**^ aosignment lo done, estatliBli aiid-'«apha8iM iliat - - 

If tie 8ui of digits is 9, then the punber if a aaltipla of 9- 
--ABk for-dedttctiw apguBwnt,- A aimpls .one las ^ My noBbef like 
.643, or €qO * 40 + 3, taldjag out all.9'B from. 600 Isaves 6, all 
S'a from 4DT.©a'?e8 4, so what ia left is 6 + 4 + 3, tha sua of the** 
„„dlgita. . Therefore if the wm of the digits is a mltiple of 9, ao * 

yf . :^ . . ■ ■ • • ■ ■- . , ^ ■ -y, . . . . 

is th© somber itself. . " . ' . ^ . 

Ask - Do you reaall wlmt- we meaj^ by the word ?oomoii*t . ; 

What is the cOTMB miltlple of two ^E^^ v - ^: 

Brimfe out^i^rt it means a soJAiple of both^ * . ^ 

Mid that eaoh of the rambers Is a ftctor of / % V 

the oopmoia mffiLtiple* * >a . . 

Do some enrglsas In f ledlnB OOTmon nsal- ' . 
I. :., ,^ ^ ^ /• ^ .. ; ' 

tipies. Brtog out that the product of two^ § # 

. . ' ' . \ ^ ■ $ \ : ^ ^ f ; 

simbers is'almys a oemoa multiplef but 0 
not the imaUest* ^ * ^ 

^Eplaln * Least oomon saltiple, of. several ritaber^ is the ^ ^ 
amaUest number whloh is a tfultipie of all of %hi^.^ 
Do some eiereises is fisdls^ Im^m* (least gcaaiioa 

£ ; .. « ^ / f / ■ 

_ ^ i^rge sumbars we oan u^e the upiiut^^^ -ti 



^ M. 

-■I . . ■ i 



$ ft • ' 

property^ ^ , ' ' 

Eseroises * y ^ 
lli^ottt that when we add ftmotioni.we find it oonvenient (but 
sot neeessai^) to write their Mses with Mme denraisatorst 

' l^la^ tMt we Bultip^ fimetlona by 1 la aaoh a iday aa to X 



' c aake tht dmomtoators the least OGoaas oultiple (do sp s&y 



Ilo^^ ; o ■ 1j . ' ^ l^f0 the leiat cdmon imltl^wr*»t it w© it, thft' 



d#ii€aln&td^'*.btre}. 'It is not maessary to 



fy to * ' V 1 



d«!»oB»liMLtorSi¥iU:l» fti atf p<&'stKL«>l (Hotf . also, 

' . - - . ■ ' ■ . ■ — :.'^f 

that 11/9 i« Just as aeeeptaUo as 1 + 2/9* Hete a^io that *' 
always te urlttan wirR the plus sign.) 




>- If .. i." ■ 



-S 



,87 



'"4 





A' 
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ANSWERS, TO E^ceSCI^ES ;, , 



" y^lt-- Factoring ancl Primes' ^ 



~ ' " 1. CWote that oth©^ answers, at^,tee>pfcatile, as in 1) a). 



^Exercises 1 



* 4)) '..2x1 3 ; 

d| 2)?3?<3x3 
A" «^ _ , 

( (fe) 2x2X2>^ 

'«ax3'' 




J' 



b) 2x2x7 

c) ' 2X2x2X2x3x3 
! d) 2x2X5x13 

. e)." 2x2x5x3 

- f )° <p^.>a.3 " 

§^"1x13":^"^' 

B , . ■ 
•o)'.-3; ■'■ 





7 



bet'wefii' ° 1 ahd 30 "inclu^iye,. (• 
ntartbers if rorii / 2 tp 30yanblusiv®.^'l 
numbers from 1 to "29 Inclusive > • 



'd);n^,^, 8, ^; 10, ir,.-i4',^ 15, i6'rt87-2o;' ai»r^2a;'/^4r25r2&;'"" 

■; 27s 28 , 30^ . . ' -/ s?t 



1x6 
2k3. 



1x9 

3x3 



l>flO 
2x5 



13,17,^ 19, 23,^29] 



fa> i', 5'6i' 64 j 102| 2568 ; 3l';766j 



B 

1^. 46«3| 



1 





1X12 
2x6 et 
^3 



6, 763 1 (210)3! 500 j:-' 
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V ti ■ * * ^ ^ 



^h) even 





7; y !':y?<iiiif lie' 



6 , - i, 



base 4 
1 
2 
3 

10 
11 
12 
13 
20 
21 
22 



basa 5 

1 "^'^ 

2 

3 

4 

10 

11 
12 
13 
14 
20 



t « 1 u- 



Even"^ mSnberi" mmt' easily reoo^laed Iri baffe 
two. Any la^rger base which is an even number 
such aiv:bastf ^T'^j 8°>tc. wourd'3,llow^us to?^ 
choose %he even numbers by whether or not 
the last digit .is zero or even. , 



, T'l^l,' t3. 17, 19,' 23, 29, 31,?37, 41, 43, 4?,, 53,. 59, &1, 



1- ~^2, 

■«l^g); caii jbe- factored in only on| way and -Wiuo fits the 



, rfinitior'™ 

WoJ" a,-pri^e,nuiqber. / - ' , . * x\„ jx. 

^^ei^-^S^lS'-^^Br to ^exoludafthe even numbers (except 2) Trom the 



ft 



hg. 
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89 



.84 



V2. 



h) Tlo - 

toien you reach ;11 ^ 



•r7''--":^3:\':;a*) *- lOlV 103, 107, 109, 113i 127, 131, 137, 139, 1^9, 151, 157:, "io3r 

■■tu. J . W^^-LJS, 179,- lai, .igi,"l93, 197, 199 

ir^' 211,, 223,^227, 229, *2'33, 239, 241, 251, ?57, 263, 269 ,"'271, STTj 

^ .^aji, aas,' 293 ' 



17 
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c) 62 



. d) 25, 21, 16 



e) grQjip of 1 - 50 , 

groBp 151-200 ana 251^300 '7 ; ' ' 

^fr"^»S7^7ni+X37 17+19 r 29+317" 4l+iF3, etcT 

^.^ " ' 

Exercises '4. / ^ =■ , 

1, a): 50 . b) 34 c)- 246 d) 440 e) ,432 f) 

2, 



ey are all the sum of two prime numbe^, 
b) No 

■c)--No- ■ 




yes h) yes 








a) 

iy 


2x5 . 
5X5' 


0) 


2x3x3 


•d) 


2x7x11 




3x3x5 
Prime" ' ' '■'*■■ 


b) 


a<2x5x5 


h) 


3x3x5x7 


1) 


3x7x11 ' 


J) 


9 • 

2x2x3x3x3 


^) 


7x13 




' a:c2x2x2x2x2x2 


in) 


3x3x3x3x3x3 . 


n) 


2x2x2x5x5x5 



IT..: 



.85 



o) 2x2x2x2X2x3x5x11 



90. 



•ft 




B 



r-i ;S)--Sf X 5y 







5^" ■ ■ ■ 


. * ' . ";f 




■ *^ 


-.^f\—' 


' : ' '. ' : . "= ■ ".:>'v - ■..4"! 








e) 






5^ ) ■ 

■ • .;_y 






» ■ . ;i 






3^ X 5 X 7 


L . ^ ^ , _ i ^ .^HiM-i ■ 








/ 


. ^ ■■ ' -A 


3) 




" . ^ . . ■ " " . • 1 


* ■ 


1) 


• 9? ■ .V* ■ ' 


. ' > . ■ . -. .. . ^ ■ 


j' ■ / ■ 


mV 


3^ ' ■ 


\ 




n) 


2^ X S?v ' . 






o) 


2^ X 3 X 5 X 11 




A,. 




..„...,:_-.., B - ^ - . _ . , 





a); 



e) 



6 « 2x3 ^ 1x6 -a) 10 ^ 1x10 =2x5 

8 ^ 4x2 =Ux8 b) :16 m 1X1 a ^ 2x8 ^ 4x4 

Mi k. P<^ ^ 12x2 ^< 24x1 Op 72 ^ 1X72^^ 2x36 ^ 3x24 » ^Xl8 
100 = 2x50 = 4x25 = 10x10 = 6x12 8x9 

d) " 8l rtx8i" s-3x27 - 9x9'' 

e) , 216 = 1x216;,^. 2xli 
jpx54; W :8x27^ 
fr'9x24^ =^3x72 

. 0^ : 6x36,;-: laxift: 

j 



Ixil00r^= =5X20^^^^^^^^^^^ 
150;^ 2x75 » 3x50 = 5x30 
.. » 6x25 = 10x15 = 1x150 



JO 
30 



= a k (3x|) 



\ 



2X3x13 = 78 
"'7xil~^T7'' 
2x3x5x7 =210 . ' 
■ 2x127 - 254 r , 
As can ,be seen al30ve^78 hka jnore 






.1 f 




-4 ; ^' 





case in 210 and 25^. Thus we -.can '"^Si 



form a grea-fc,er huraber of combinations;'-';;'^' 
B" 



a) 



3^,10x77 
35x22, 



5x154 t 770, 
- 77P'^.7x^O ^ 770 
=776 '11x70 = 770 
^770 



to) 



2x3^7,==;. 42 



. 2X21 =42 

2) 2x3x11 ^ 66 

2x33 ^ 66 
; 3X22 66 

3) 2x3x13 i 78 

6X13=7$ 
2x39 - 78 
■3x26 =-78 
2x2x3 



4) 



5) 



' "2x6 
,4x3 

2X3x3 
^xg;, 
3x6 



= 12 

= 12, 
-18 

- 18 



^ 48 
= 48 

=' 48 
■ =.48 
= 49 

; ■3^25';''^''', « 75 

9) 2x2X2x2x2x2 ^ 64 
• .\ 2x32 - 64 





a 


X 


'24 




. V - ^ ' 3 


X 


16 


f 


4 


X 


12 






X 


6 




' 7) 7 


■'1 
X 


t 
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TWO ways (using 1 as a • factor.) V'.;^ 

'■ ' :■" ■ 6 m 2X3, ■ :. ■ 



Pour ways 

For exampler 
- 30 = 1x30 



= 2kl 5 
» 3X10 

^. 5x6 ' ■ 



^9) 




■X? 





5 "some of/tSe 'pbastblp.' 



■-4 



= B 



55-.- 


5x11 








3.=* 


130 ' 










770 


2x5x7x11 ^ 


4 


1x770, 2^85, 
5x1-54, 7x110, 
11x70, 10x77, 
14X55, 22x35 • 




2310 


ix3x5x7xii 


5, 


1X2310, '"&<11 55, 
3x770,^-^62,- - 


16 








7X330, 11x210', 
6x385, 10x231, 
14x165, 1S?1 54, 
-^21x1-10', 22M05, 
33x70, .35x66, 
55x42, 773tc30 . 




28,014 


2X3x7x23 
,x-29 ' 


5: 


1X28,014, a<14,007 
3x9, 338, 7x4,002, 
23x1,218, 29X966 , 
6x^,669, 14x2001', 
46x609, 38x483, ' 
21x1334V 69><406 
87x322,1 1,61x174 
203x138, '667x42 


16 




1 ^^-1 



0) 



Yes, if there are n unique prime fait 
are ^-1 paifs factors 



- ■ '8x14 

2x56 



a) 2x500 
—-=4x250- 
5X2OT 
8x125 
40x25 
20x50 



A. 



b) 40 X 25 



I 



Excerclse 6 ' 

^^-^y—gy-r^- c| 21" d) 6 e.) t2" f ) 13 



mc-. 




'88 



S)--14= 




T 



i^Kf^^* . - - r 


II. 


a)- 


"5 b) 
7 




c) 


. 2 ' 




4' 




2 
TT 




.t!<sib$« -i^i^j^- .^^^ 


h) 

■i - <- ^ _ 


6 ^ii 


3- 

T 


.J) 






10 


1). 


15 




HI. 




2 ^b) 


f 


c) 


7 


d) 


50 


e) 










7 , 


TO 




B" 




m 




T. 


i'r :.: ". - , 




h) 


112 1) 


' li 


J) 


2 
1 




7 


1) 


3 

7 



m) 7 or "3+ l' 



Exe^-cise 7.' 



1) 6, 12, 18, 24,^ 30, 36,_ 4g^3B, _5l,>feo, 66, 72, 7^, ^B4,^ 90, 9& 

2> 14,' 2d^ 42, 56, TO, ' a4 ,/ 98^' 

. *3) 252, "^261, 27,0, 279, 2aB, 

4) 322, '3^5 s 

5) 2, 4f^.,,6, 8 
6) 

* 8) 



0 1 



2, 4,- 6, 8 ' • 

-.4 

5, 10,. 15 - ■ ' - . . 

: /, ■ ■ . ■ . ^ . ' 

l» 7, §j 'll, 13, 17, 1^ 



( 



v - 



9) none 

10) none 

11) no ' , y ' ' ' , ■ , . ' 

12) 10, 2^ 30, 40, 5d, 60; 70, 

-i-Aiiy= nmeral-whlc^ In^zero , 



• 15) nine gallons v 
. J6) / three packages ' ^ i 

: 17) , Ifi^: 2^ 34/, *34j 34, 

Ixtroi,s# 8^ ' 




'1 ■ « 



r?^ a) , :2: i|if|i^e, 8., lo,^ . .^98 

■ ■ ' : '■' \ ' • 3: ,3'^'|> f, .12 . . . 1 99 " . ■ 



.a) 2y 4, 6^:8, .v,. . .9*^. • v : 

! ''v-f />i'*'^^^ai ii,'i6,.:...9l>-ti^;*^ 




i K 1^ i'^ *4 'vJj^' " 'l- 





c)", fs. ^Tv i'^. 21. '.ae^, . . . . ■. 

;1„:8..B,„16^, 24^.^32 .......9^ 



e) '111 11,- at, 3*, 4^,... 99 



i/:. 9s- 9, 18, 27, 36 99 

d).,l3s 13, '26; 39, 52 ., 91 

'11.^*). lW':24, 36, 48, 60, T2, 84, 96 - a) J, 16, 24„ 32, 40, ■48, 56, 

. 'mY 1*8, 36, 54, 7^, 90 

fr' ' ' " 

e)^NO qommon multiple less than 

:■ z 100 

d>''39, 78 



^^d) ^^4? 14, 2d, 42 98 

- -12 J 12, 24 r 36V 48 96- 



to)" NO' conmon multiple le^s than 
■ 100 * o ' 



o) - 55 



III. I 



•a) • 12 
• b) 18 
c) 50^'- ' 



-a)- 39 



IV. 



aX 210 

' b) 660 

c) 21CI 

e) 36 



v.. 



■'f ) 210 . V} *^ 

a)' 24, 48 , 72 - 

. I to) 24 ■ s 

<i),..96 ■ , ; 
> ' -e). 120,.+ 1^4, 



' d) 84 

a) 8 

b) * 168 

c) 55 

d) 84 -/ 

a) .315; 

b) 336 
g)- ^ 3315 
d)= 200" 
,«0 156 

f) 450- 



J 



V 




a) 80 

,160 " , 
240 ' . _ 

d) 560 J ' ' ' " \ 

e) ft Biex^ar^ all multiples, of- the "/ 

' .ieSst coftunon multiple' „ . ' / - , : 

f) There, is 'no greatest comrapn ^ui- 
taple" • * , ' 




f..'^V;f;i;^-?.ff'\^V:|lx;ercise 8. cont. ; 



1".',. 



VI. 



A 



a) - 1"+;4 ;: 




\.-' 



- e) .15 



1) 



150 



,4 

1 




■ .W 

h) 102 

317 ; 



J) 



i' +1 1.' 



k) 13, 



150 



Hi 



k) ^ 2 




0^ 



91 



• 9G 



i 



Sample Test Questions . * 
r. as- a product '6f prime factors: 
Aha . 2' 2 . 2 . 2 

• ; ' ^" ■ / 

Ansi 



2-^ Clrele.all numei^al^ which are na^i^e of^prtae members; 



%S + 1' 




1 1. 2, ^fs?:) ;r(i2), 

V ( 3. »;?ln& the gre9."frest oommon fae^or of th^ee 'jluiflberei 
" (a)*- 15 and 25 ■ ° •Ana. 5 . • t . 

ih) . 18 and\27 9 ' " ■ ' ' 

, ' . ic) 60, 36, and 24 Ana. 12^ 

= ■ y ■ . ^ • • ' 

if. Find the least comaon multiple of these numberai . ' 

^ . (a) 6 and 8 _ Ana;' 24 \ ' ■ 

; ^ ~ ^ \(1d)^ 7 and 9 -toe* 63 / . 

(c) 16, 12', and' 20 Ans,* 24(t , . ' 
5. Naa# the numbers Iri the set pf natural numVerS between l6 
,v «id 25 whldh have the factor 3. Ana, l8, 21,, 2h ■ 1 



. , _ 'r^' 

6. Find the ertallest ntmt/er which ha^\a factorization oompo^d 

of three composites* An 64 
7* Thfe greatest voonmon factor of 48 and $0 Isi 



K (a) 


'-.2-. 3 ■'■ 










3 ' 






■■■%"r27,^ 


* 

2 . 


2-^, 3 • 5 




2 i 2 ■ . 


2' . 












(e) 


None of 


the 


above 











ERIC 



92/ 



.^3 V 

\ - ■ ... 



.!■. .' .-.•I. ■ W- 



^M'to; Which or the following nuiabfirB is \o:dd1 



( b ) ' . iai. 11 



^•1 .' 



, f #)' Noria of the ;|^ove 



I".;' 



ii 3, 15; Which of .the following is not a jprime number? 



in, , ■■ 



V 



s 



f • M., 



1 (c) • '281 I 
r^rr'T ♦ (d)'r 282^ 

V ,16', liCttfch'of the following Is artist: of- all the- factors of laf 



(a) 
(b) 



1, 2, 3, 4, 8, and 12 



? 



1, %2/.3, i*, and 12 
V /; , («) 1, 2/ '3, ff, and e ■■ 
. (d) , 2, 3,' 5, and 12 
^ . : ; .. (e) . NoA® .of th^ atove 
^„LZi7:.-^..Hoii!.'man3r--.^ lof .tWO-faetora^each^^doeB 17^ 
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,1 



i^rKoae 1. of the above /, ■ • x, 

. ^^18 J ^ Halt, jaans factc^s are thei^e In t^ie oomple'ta ' f^actoi^iatlon of , 

182? , \ - !^ i: ;^:/:.Vr^;::' 



\ / 



9 



f f : » 



Le*^^ represent an od0 nimb6i» anff ^ repreiant an ^van number, w 



Th^n a 




^ 



(a) An even numbea^ 
An odd nxMbBr 



( ) - A oompq s It a ^ numbe I* 



e of the above 




^v SOt SuppOBB p ajSir^ ar&'' natural numbers «id £^y^|a factor of £i 

■(a') ;^ ls a Ettuitlplfi Of p ' 
•(to) * £ Is a multiple^ of ^ , 



i Than 



j(o) qvmuet be a prljsa numbar 
_ :(d) Tha g*e.f . of ^ atfid ;£ must ba less^ than ^ 
^ (%) *^Ipne of tha abpva 



A 



/ 



2X.*v 11^ ^ represent.s an odd aumber, the nex^- l^ger odd number can . ^ 



^be" ^p?^esentad b^i 
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c 



1.. 




.te ) Nbn^r of, • $he above 



.True - Pala^; 




exactly , pne wiy^ #3ccept top opQ^T 




'1* 



^'t^.V¥3';w:.■■ sdme\ bda^'^t^ not pri^e, 

24.' Ev^i^ doMposite number has onlyT tjiko pTlmi factors.' 



F . £5. Soma multiples of pri^e numtei^s are pi*lme , 



P ^'W. OdSte'ael^ proved that eve^ everi^umber greater than -2 "is 

1 the sum; of two prlmea. - ,/ 

• . ' ' —\ ir ; / ' ■ • " / ' .. ^ ...... , ' 

P 27. The numbed 1 Is '^rlme, ' ' ; « 

P 28. Ail odd nrtebers havd the.'factoi^ 3". v ' 
P 29.1 vNo even number is prtoe. f' ' . i • , 
4? 30. The dlff er^ice between any tmo different priJie numbers 

igreater Jbhan^lOO Is always an even n\ambeEy^ ■ , 

T 31, Eve3^ iniltiple of 18 Is als^' ff- amltlple of ^ > 
P ' ^ Evei^ ^actQi' of l8 Is ajao a faotor of 6, , ^ ^ 



I.: 
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*,,;Number ot da^a given to th& teaching; ^ y , 
. (ineludlng testing) of this imtt: ' ■ ■ " ' ^ 



Appi^3ctoate ydateai a 



USE rai BACK OP THIS SiffiET YOU NEED IX^A SPACfi TO . 

' ANSWER ANY OP TIE QUESTIONS lEEOW . r' ; . ' 

1, :Midce.a statement abc^it the 'ability level of- tM^ipils- In. the^ 
• class and state whether your school- ^^es some pi A of homo* ^ 
geneous grouping. - . ' ' , 

♦-VS- Wjiat parts of the, unit proved to be the , mo at teachable? ^' 

a."* What p^te -Of the ibilt^roved to be the moat difficult tg 

- Dld y&u omlt any pirt? ;^ - . , \— -rtr 



4, V Dia you tree' any sdppltmantary davelopmantal matariali? 



^ If sa^ what were they^ .and at whal? points ^ ware t hay used t ^ 

5, iQld you f md It necassary 'to '^provide ^he pupils j^fith addltloii* 
, ^ ..al^materlai? ^ . , ^ • .. ' 1 ■ , . 

If soV wa&^ 1"^ from textbooks or did you W3?lta your own? ^ 

. ■ S, - Do you thin^ that unit on this topic should be'' includjefi in - 
^ regular textbool^ for T^h atd.8% grades?- , . ' 



■V 



•T'f' , Pl^M^ niaka • ANlf additional eoimants about your taachlng~^fx- 
I 'paijlencB ^Ith'thls unit wMch you think wdUld be helpful to 

the* Panel rasponslblf for prapartng and -axpattaahtlng with 
r tex^ook mateplals for gra^s 7 aAd 3. ' 



UNIT IV 



- 1 ^ Summary' of Teachers « Comments 



' There were iflfty-sevtii^^acher reports f^ora eeriters wbleh In- 
'i:citided classes of 'pupils of ail levels of ability. The riUmber of 
Mi^teac^lng days sper^t. on the unit ranged from four *o twenty ^eliht 
■*^.wlth & median o'l" twelve days. 1 ■ . •. 

' ■ ' Two* questlonB on the report fotta were: (l) What- topics wer,^ 
:^:.H4iheAt>aal6at t6-. teach? And ts)' What topics were the most dlffl^lt 
;Ht^ teach? The topics listed ,tiy the teachers i^ith^he .tabuO^taQ 
lii^rfesults'Afollows ' ' • • 



Topic ; 

Primes , . 
Paotorizatlon 

C. M.^ 

sieve d£ Erato s thanes, 
Deductlvb Proof \ 

Odds aiad ' \ . , , 

(pthar Isapas) 
Gomppiltss 

The entire^ unit 




1 



2 
k 

16 



Difficult 

2 

, ii 

I l6 

' ■ 23' ' *t 

^ a : : ■ 



:>'^our: reports did ript give an answer to ilther queftloif,: ; 

^ t : In g«ieral, the" reports Indicated that this unit m% i^teach^ 
^ alxlev easily understiod*and rather popular !d.th *bhe pupils. The 
■ yik* waa c6hsidered as a^ good motivating .v^hic lev ■ Tfenar w 

.were, raised by the' pupils.-' The pupils reallzed^t^t the use"6f; , 
their' Imag^tlon was jjnportafit. ' Some ptt^il« bec^e interested' in 
- hiatory and read biographies of f anous^ mathematiplans . Mar^ en- 

• Joyed understanding profeesses previously done wi'thout understand- 

'■'ing.;.' ■■■ " ' '; r' ' ' ' ■' ^ >^ 



it '-was felt that this uiilt heJ^ed develop number consciousness, 
and also was an exoellent preparation for alg^ra. The^ Indlca- 
tlgns were that this unit def Init'eiy should.be, taught in Orade^yi.' 

^Tiw ^lype 'of *pr^of i"u 
work in order to overcome the betl|ming .^fiouities. 'The; vocabu- 
lary presented difficulties to the averaie pupil and the slow^ , . 
learner.; The seetf^ on Q, C, F. and Jhe L. M._ eauied thl > 

-moi*-troubie^.,teb«ihe. L.. C^.^ .;baklng .the: lead.,. . M .rat J® 
that the L; C. folXowed ^oo closely Oh the G, C.| F, Some 

-^twachers^felt that-^ere should be more^^^^^ 

Vthe. 'talented group<^f pupils.' ^ " . 
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1 03 



and 6onpidea?ed It be-anoth|^r, 
- approach to our farmer .toiOMledge of fractions. In add-^ 
\ ;ing and subtracting fractions we ndW use L; C*, M^i infor-^ 
. matlon and in multiplication and division the new know- 
ledge of a. C* P. The value *ofo^these -newer techniques ; 
i (pantoot be stressed too strongly for. their •great Insight . 
^fJLn^o similar' algebraic expressions i of Grade 9, * The 
' 'pup^^^ other bases aiid deciding on odd 

;a f was nappy to see tnat ."cfiey cpuld recall » ^ 

the otker fcasas quite efficiently, ^ ^ * - * f 

I noticed that this unit developed a s5rt of a v 
^ "number consQlousnemtf" that' tha pupils did not ^ave 

^ before. They seraied to look a^ numbers a little dlff ^ 
^ ' arantiy ar^Vto assbolate thai with such ideas as odd, 
f * even^^ prime/ eompQslte, even + even^ even + one, odd + ^ 
one with 03? without the factor two, : - , 




:r V One of the most difficult parts of the teaching •at 
f iyet was to help pupils develop skill in using Info 
deduction to show tha* what they had suspected] (b^ in- ^ 
. ductlon). waa trua*, Of ten we had d6ne some of this In 
/class and I had Illustrated some of the deductive argu-i 
— - Aents^.'thay cq^ld use,^he pupils .improved and would try 
to usa soma of the .background thay had built in s tudy- 

. / in^v^uhit^ixi; ■ ^ / 

; The ^plls* raaetlon to Unit IV was negative in the 
vV beginniiig It w^s difficult to stJjnMlata their inttere it 
? aftpi^*^^ reallia the value of this matarlalr A^ 

" w^ prograssad hoSravar^ individuals, began to sea that 
. what tha^^ad previously done mechaniqally, ^ new; had 
/ meaMng ^^ih^ th^ understood, ^ ' 

Bie, taa^ar who made the ab6ve statement gave some ooimnents 
from thQ pupils as follows t ' 

(a) Ve art leamli^ this too late.: . 
(to) rb»s a longer, but surer i«ray ' to iroWc* ' - ^ 
(o) 1 was.yery glad X had sidled OWLt IV before I took 

(d) This" kind of stu^ gives us a fine background, so 
' / that wa can talk more intelll^ptly about numbars* / 

Sdma pu^ tupplOTenta^ ma^ 



all"Wera^axtreaely Interested In the work of the unit. 
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"''^ ' jforWha ^'iind'' ftn - artl'ote fi?om the Deeember. lQq8 Sclentl- 
^^i ^le ^ ibneylcah' tv: In believe that I should 

. vhave /given more, work Involving computations with frac- 
tions, applying, the boncepts of G. C, and L. C, M. 
' Vtietm mB some tendency to. fe6nf u ae the ? two Ideas . . ' 

^ The section of this unit wMeh prpduoed the most 
.Interesting discussion was t^procesg .of reasonlrig^^ 
induotltvely -\then deductively^ about the even-odd ri- 

latlpnshlps...^ome of th e deduct lve^proof s presented^ 

toy the pupils, rtere not conclusive^ but the gem of ^ ■ 
the »etAod was pMsent. Several pupils wffe so In- 
*terested I gave themr some "number theory" problemB 



to prove- » ' . 



>blt 

I 





• ' IntroducJ;^lon,^This unit la for unusually "good students. One ( 
o£ po^^ommB of this monopaph^is i6 ai^qourage thet student, to b© • 



n©€^aaary to keep him' going. andTefuae lielp w^en it ^beaemaa apparent^ : 
thatlthe* student' wants the teacher to save him inental effort* The- ■ 
ttacher might even want to make a^llcatlon of theie princlplea hJj^- 
self and . aed how much he can" do without the halp of this CQiarjient||p^« 

2. Here the student should pee the advafttage of multiplying t^a 
numbeifs "algetraflaally" usihg the ddstributlvt property and coiii-mtativt 
property. Probably one of the hardest things to see in this sedtion 
la'^hat; if 9b + r is divided^l^ 9j the remairder is tha aaiat as wh^h 



divided b^ 9. Fimdamentally the .explanation la this? Every number 
ciLfl^be jdivided by 9 yielding a quotieni^ q^^ 4hd a remalndW r. Thus if 
N is the number. It can be written 9q r where r is the remainderj that 
l#i is zero or a natural nmnber lees, than 9- Convaraely^ if a numbiir la 
written ^In^the fdj^m 9q + r where r Is a nati^al .mmberi leas th^ then 
r is; tne remainder when the number* 9q + r/ is divided bg? 9. Thus what 
the axpanslon of 156f 7M in powers of ten Ahows, is that it can be 
written in the form 9q + Jl+5*6'+t+3+2).- Then the sum in parentheses 
dan be written In the form +2, where 2 is the Temalnder after - 



gfiYl^^^ ty ; 9 . Hence 156 , 732 is equal to 9(q+t ) 2 whi 6h means that 
2 must be the remainder when the siaa of th^ digits la divided by 9* , 
This is* also dealt with Ia the students' mterial* The student can : 



prote.bly'aee this better in tems of nimbers, although it may be 



easier for the teadSIr to see in letters J l?hile the student should 
^^v^ntwJJ^ get to the use of letters, tte^^OB^tant thlag Is foff 



him Jfco i@€ whftt'is ha^tnirtg.,-' -This can protiLbly best be done by working *vl^ . 
out a number of numerical prob^e^s, alor^ .the lipes given in the tei^. 
. * V, Thus, in. eqcercise 2, ^he^ at^ient might write e^-i- 79 p<7 x; + 6 ^ 
g^jc 9 +^ t^\7'x 9 + 8"^^ phould ^ ' . 

' tivi "and distributive proptetie^. lie' ie. upingJ Tills 1# a good ^ ; 

* opportunity to impress tH©ae prQp©rtie&-on.*^him| but it ^shoul4 'not be 
done to- the point of 'boredom. When he gets to the point that it Is 
\ alaat th^t he imows wji^t is going on/ he v should not bejE^quired to 
^ name the property each linie*; For a mm of threi he -cou^ show froa • 
• . ^ first ifrincipleB or, by? combining terme^ red^oe i| to suming two things 
, twice just as a+b+€^ (a+b)^D, \ s i ^ ' ■ * ' 

■ in exercise 5, the studfrit would W 6oars# wrl^ ^9rM 9' x^^^7 
" . and 79l ii'll X f +J2.' Tnexwcise 4, OM wpuld proceed as abwa^ s 
except that onet wojald ^Itiplysinstead of ;^d. The reettlts; would 

\ho3M for 23 sAce one., could write 73!/ M 3 ^ 33 + iq^d-69 3 x 2> > 



They would hold equally'w^ll ft^lany nvmber, v\ • ' \ ' • 

" ' ■ ■ ; ^ .h '^'y\^ ^ ■ 'r^- .'"■■^■^^ .•■^y-y 

^ ^ ' Ths general prinoipl^ - ehould be fonnul^ted as sQon.as the^ituderil: , 

" "■ ^ .^'^ '^^l ' ^ ■" -^^ 

eaa do so himself . /The remairider when the suia 0©^^ 'P^^Q^Jutft) *of ^iM^ t 

nuinbars is divided b3 a given number *| is the 6iM as When ^he -sum (or = - " 

product) , of the^ reraainders\ is divided by a- givRn- number. ; ' - 

^ In exerci'se 5 the answer l^O^/whiteh is' I wtottor thi. divisor is . 

9^ 3/ W, V* jcan write 10^^ X^\^ ^aTs#«; t^ft^ T 

then the remainder will be 1^^ which is 'also 1, . Tht brigftt ft^iilt ; v 



* 100 'which Is 100 • By a similar ar^amerft the reiMLinder ^ihen' 7* 

is divided Ig^ 6 is !• ' 



might want to know what would bappeil If the divisor were 999^»^^^^^^^^^Rh. 
one .write 10^0 as 1000^ x 100 and so the^j-emainder would- be - - ^ 



" -\ ,'.Tli» student m^Lght want' to carry, this fartljei* aijd consider the . . 

remalncipr rfhen 10*^^ is divided by 7, , jThis ee\4d"-b« Worked' out ai f ol- 

lows: 10^^ .could -b«; replaced ^ 3^° ihiph is equa,l to That ' ' 

remainder would be the same as €hat -foT Z^^ which Is, (2^)^ x'z or - ; 
<^ ' • ^ ' 

-:sr , 2 -whieJi^a _thar:remlndei^. J j x^ g^ g r S »^A^styd€RV4ri.gfat-#aough ^ ^.l^.^.^^ 
to be intareeted in developing ythis ahouldvhave no '"trouble with maftipu*'- . : 
latiftg the exppnents^ He might want tp exploije what would be the last ^ 
digit in tlie huge number 3^^, 'This would/ b^ just .tht ramaindBr when^ v ^ 
'3^^ Is dividsd ^ 10."' Since 3^ )iaa, a r^^nder bf ^ 1 when-'divldfd by . ; 
10| the a,nswer- Would be 1 ■ or-1.. This axsEciee might alsQ* 6e,*done by - : 
lootong at the pattern of^ last digiti in^ the ppwers of 3r 3*^ 9j"a7** 81* 
The laat digits^ forai^the pattern 3, % % 1, 3, 9, 7, X Md .so forth. ^ 
These tRinga* could be ^plored still ^fOTther. % . . > . 

Fdt fxea^Ass 7 theVjtaplest teat fqr divisibility by 4 iaVto test : 
.whether the- number consisting of the l^st two digit a is divisible by 4* 
For in§tancej 178524 is 4iviBible by 4 slnoe* 24 ia# ; f hie 1 a beoause - . 



178524 is eqjial to ,178500 .+ 2k and any multtple of 100 ia di^gibW -^w 
4* ;Similarly'to^t0st for divisibility by^/o^e uats^ the l^t -J^ei 
digits,. AnotHer test for divisibility ^y 4 would -^o see that if 



V 



the last .digit is, Q;> 4 or 8' the niimber is 41^sible '^^4 rfithe;n#xt v? ' *t ' 



to thp last digit is even. • If ^he las:^ dj^lt ia 2 or 6, the^nimber is' 
divisible 1^ 4 If the. next to the la^t digit is -odd** ^e reasops " ' ^ 
ahould of com^'e be found. " * V ' . , ~-r^^ . . 

For exerc.ise 8, the nUinber written to , the bate twelve would .be a., 
multiple of -twelve plus the last .di'gi,t»^ Thus the number *would -^be dlvi- 



slble ^"any- divisor of 12 ^'if the , last digit is divisible by this ' , 
divisor. ^ That is, if the?huaber 4s divfslble.by 6,- its last -digit must 
hf divisive ^.6. Other nmbers lA plaoe of 6 would be 2,3, 4, Ig. 



If the base were 7^ iina© 7 hai no factorp but itself and 1, the onl^ 
ntmber that could correct Ij go in the blank would be 7. , , 

- ' Exereiae 9 ie rather .fundamental but requires some insight on the 
^' part of the' student • Just sa a decimal terminates when the divisor is 
: . \a diirlsor of ^ power of 10, so a "decimal" to i?e base 7, will teKninate 
^ mmn the dlviior is a divisor off a power of 7* That ds, i/7 and 1/49 
'Will have terminating "^eclmls" to ^the tese 7* The deeimal ak^sion 

■ ' of a fraction depends on the number base. But whether or. not- it is 

rational is -independent of the tese, A pumber that is a prime number 
lJi.„^.wh©n._exprissed. in the ^cimal notation js^a prime number when expressed 

■ ^: >to any.-gther base, since the property of .being prime is a property of 

\ the, numbeJ^stod nd¥%r the%y in which it ^ppens to be witten. You 
■ ^ V mayi not want to tickle this poln^ at this stage with your students, 
^ but you perhape should be prepared to meat it if it occurs. 
p The answer to number 10 would be i the remainder when 2 + 2+2 

+ 2 + a, or 10, is divided by 7. Hence the remainder is 3. Number 11 
is easy and the answera to numbers 4.2 and 13 are develpped In the text 
after the exercises. ^ 

In what follows it is probably wise to de^^teth the discussion 
with letters sirce here the advantage is quit© clear Mid the mMlp^-_^ 
. tlon is not very bompleA* 

Probably ttie atudents wiii l« i^uc^itat^d Ln^otatg^^te a little 
casting out of the nir.eg in numerical examples* There is an Mlusing 
little book by^ E, T, Bell ''Nxim^, ulogy'^ whlcli the stuctents might like 
to readP* 

In'the next set of exe^rci4.«.s ll^ juatirication of the casting out 
,of nilies'ls that the remainder yhm the sum (or product) of two nianbers 
is divided by 9 la the s^e as the reminder when the aim of the digits 



ERIC 



is divided ty 9|^^ veil as thft ^opertiea described in^ ©sjerclaes 2 
\^d^,'4 of tfee previous Be-^t For instance , et^^ose a product ab is to 
be chelk^ft^ The remainder ''wh^n ab is divided by 9 is the same as the 
reMLlnder when the product of tl^ir remainders is divided by' 9^ which 1 1 
^thS\same as thff rem^der when ^Ije . product pf the suss of the^ digjtc 
is divided\ ^ 9» So whichever way one does it| he is QOaputing the 
remainder after division 9 it does not matter anywhere whether 
a number or the sum of its digits^ is divided by 9 as far as the remainder 
goes. The check of course only checks the remainder after division by- 
9* The digits for instance TOUld be scrambled without altering the 
value of their bum and the answer could be cOTpletely wrong* But of 
cotirse this is not ve^ likely to happen, ' ' . 

For exercise 4f the remainders would be 3 for division by 7| wid, 
since the remainder when 7 Is divided ty6orJiil* the remainder 
when the niimber is divided ^ 6 or 3 would be the same as when the siim; 
5+3*2+lH'<'3 is divided Igr 6 or 3* The sum is equal to 18 which Is 
dlvlslW-e by both 6 and 3* Hence the given number is divlslbla by 6 
and 3| that is, fiaa a remainder 0 when divided ^ 6 or 3* 

The short-cuts asked for in exercise 5 ,are described id\^e text 
that follows. As exercise 4 shows , one would cast out ttoees, or sixes 
or, twos in the ninober system to the base 7, since 6, ^ and 3 ai^e 
divisors of 7 - 1 Just as 3 and 9 are divisors of 10^- 1. 

For exercise 7$ it be seen that scrambling the digits does not . 
alter the value of their sum npr the remainder when the nmberi^are 
divided by 9« Hei^pe each of the nmibers is of the fiorm ^ + y and 
9t + r^ with tjhe remainders the -feame* Then if we subtract one from ' 
the other, we get ^ + r - 9t - r which is eqml to, 9(n - t), ttet iS 
a multiple of 9. flms the sm of its digits la a multiple .of 9. When . ^ 



' I-IV-A-6. 



the. sui the digits given is .a multiple of 9, one cannot be sure 
whtthftr the missir.g digit* 1$ 9 or Otherwise the trick Cftn bm worked 
by adding the sum given and eeeingmwha^^umbir adde^ to this sura will 
give a^ultipla of 9. For Instance ±n the example given, one muet add 
4 to 14^ to get a multiple of 9 and^hence 4 is the misaing digit, 

DivisiMlity by 11 J The exercises are solved in the text 

' ^ ^ __ ■ ■ . . ■ , 

which ^follows them. You may have a little trouble with the produot ^ 
\ . ... • - ^ 

of -1^'aAd *1 and you my want to avoid thiai thi.4 can be done in th^ 

exam^e worked out ty seeing that lO^ is 10^ x 10 which. woul^ hay© aN 

remainder of 1 x (-1) or *1* If you wish to avoid negative numbe^rs 

complstei^, you could confine yourself to the first test. Or you 

^^d show ths test for two-digit ntobers by noticing that if the second 

digit is larger tlmn the first one, tl\|^,r<i^Mer after division by 11 

IsUhe second digit lees the first one,' (e.g* 79 - 11 +^2)^ If tha 

second digit were jailer than the firnt one/ one could add 11 to it 

and subtract the first digit, giving a correct remainder (e.g, for 73, 

robtract 7 from 3 11 and see that the remainder is 7). This is some- 

i 

wlmt laborious j how^vt^i . 

It is importaxit iii ^^oii^^t. ^ ^ ^hfc remaincrer after division by 11 
by ^he second method to start at ihti right hand end of the number. If 
you are .nerely testing lui divi^jitiUt^ it. does not matter at wMch end 
you start, . , ( 

For exercise 2, the te^i Xwi divisibility by 8 would be analogous 
. to that for SI in tha declnAai a^^u^m. * 

For exercise 3,, the nLuub^x^ 157, tiv^ is equal to 157(1000) + 892 or 



157 X 999 + (157 892), M^i.c^ 11 J i» aiij divisor of 999, the remal^cr 



when 157,892 Is divided by d is the same as when 157 + 892 is divided \ 

tgr d. The prime divisors of 999 are 3, 37^ In fact 999 = 3 x 37. 

■■ ■■ ^- ■. ; ^ — >i ■' ^ 



This test wouW -4sqrk fcr any divisor 0^999, that is, fpr 3, 9, 2?, 37, 

3x37? ^17 «i well; as, ©f coursB, for 999 Itself. ' , 



The students'^rttight also be intertst#d in writing. 157,892 as fqual 
to_157(1001) '+ 892 - 157. Then if d is any divisor of 1001, thr ' 
rea^inder •when 157,892 is diylded ^ d is t^^same as wHeji 892.- 157 ^ 
is di-wided by d. The prime divisors of IQOI are 7^ il and 13. This ' ') 
woiild glvt a test for divisifaillty by 7 and 13 as well a# II, This'has' 
sbma coaneetien with the ^fact that thi decimal equivalents of l-^? ^^^d 
1/13 live six digits in tfee repeating portion*. ThiB can bte developad 

.further^". . ' , - „ ...r. .... 

For akarcls'e 4, donsider a niaaber 534,6233^^^^^. Than in the niimejfal, 

system to base seven, 534|623,is equal tQ/534geven^666gevari * '534|even 
♦ &3g^^^^* Hence we would have to find tht divisor's of '666g^v^» >^ . 
Nolr 666eeven - ^Bmvm ^ lUseven/ It 111^^^ hB^B imtOTB it. 

Is prohahl^ easiest to convert i^o the base ten. So ^ - 

mseven - 49 + 7 + 1 = 57 which ha^ 3 and 19 as its factors. Actualiy^- 
we could have tested Ulee^sn di^vislbllity by 3 % adding the digits 
sinoe this works for 3 in the.system\ to the base seven |is we^J as to the 
ba^e ten. So in the niimber system to the ba^e sevens this kind of test r 
would work for 19, that is aSgaven a^V^H " ^or 2, 3, 6 which are 



written t\im sme way in both systems. \ 

; " ^ ^ 

^taiiarly for the number system to\the.baaa twelv€^i\ wa .would "ftiak 
tha d^isors of eee^^^j^g which is a^^^^vi ^ H^wel^e and a stMds ^6^^ 

"eleven." Ka cannot say that 111. ^ is\divisibla, by 3 lincei 3^ is 
^ ■ twelve \ V 

not a divisor of one less thaJa the base.XBi^ we have to convert it to 
the decimal riotation* It Is 144 + 1,2 ■»■ 1 ^ 1571 which is a prime number, 
Htoc© a ntaaber systern to th^tese twelvti this kjjid of tast would work 
for 3 and. 157 in the deeimal ^stemi that^is 3\ti^ive ^^^^d Ultwelva. 



/The' coDnaotlori b©^^ repaiiting decljmls and tbets for d^viaibHit^-^ 
shouM begiJi tq iimerg^^ f or tfit student hare. Suppoae it is soms^ nmber 
. ^ whloh is yiTfsibla by neither 2 nor*5. Then soi^j^wer of 10 ie.^ mpre 
; I multiple' o/m oan bt seen follcyw^^Wa taow t^ tiie ^ 

rsmalndeFS when jbh# power a of 10 ar^^ divided ^ m are the numbars 
l\to.m-l inclusive. «ince there are infinitely mny power^ 
• ' = of the powers mus^hav^ ^he^^&iyi remalndeli'i that Is 10* 10^, pwlll/be* 
divisible ty m for some natural numbers a'andt. Suppose b.l^ anialler ^ 



( 



than a, then" the dlfferbnoe my,b^ writtpn V ' V 



Sinfci m divides this product and has fto factors except 1. In co^on with 
10^ it pust dfivide 10*'^'- 1, which is what we- wanted to Thus we 

have shown that some power of 10 has a remainder of 1 when dlvl' 



f 




m'# Call k thte smallest suoh power preater^than. gero* * ' , 

'Fr&ito this we' aan conalude two thlnga- First i the remainders wheh 
we eompute decimal a3^ansioil of l/m will be Just the remainders 
when the powers of 10 are divided by m. As soon as^we get' a remainder 1, 
the decJjnal begins to repeat and not before*^ So out number k is the 
ntmber of digits in. the repeating^^portlon of the' decimal* . 

Second I we may wite any n^ber in the form . * 

^ a * b X 10^ ^ e 10^^ * d X lO^^ + . * . . 
^Slnce' the remainder when 10 is divided by m is 1| the remainder when . 
our riumbfer Is divided by m Is the ^ame as the remainder^ when 

a+b + c+ d+ ,** ^ 

^is^ivided ^ m« We imist notice, of course^ that ai =b| o, d are not 

* ■■ . ^. 'k ' ' 

digita in general but. they are, natural m®bers less thanvlO • , . 

' " \. . ■ ^ \ 

How far the atud|i\t Can prop-ass h^e, remains tO: be seen., Cer- 
tainly he should not ;^be' pushed . 



ERIC".-- -^'--^^ ■ ' 



108 , ' ',' ' 



* " ^* - ff = ' /I " * ■ ^ 

. ■ -For lasting bui 'tKi elevens, Instea^fi^ding th^. digits, we ^ 
would take thi imlts digit-, ininus the teris digit, plus the huhdrids 
digit V and 80 forth* An B^^ia' would be thiii ^ ' ^' 



\ - 637 '/ - 7 - 3 + 6x?^0 , 

■ . ■ v'. . /.^ xii2 . ■ ^ ^ 2^-4 ta - -2 

^ • product: ^96,8^ ' ^ pMduQti . -lo ^ ^ 

' ' 4-2 + 8 9^13 ^ 0 +'2 - 2 > 

' / ^ .3-1^2/ . - 

We come out with ^ in each case* This test ie a little less likely to 
check when the^ Aeker js wroBg but it ^^s mttdii more dlffibult to apply. 
' For the oqrTesponding^ trick mentiontd in exercise 7^ one cannot 

i^^niff^J^hJ p -jj^^^,^^^^^ gf^T-4mirtat^iy , The Simplest^ dlreMion to give 

would be to rev43e the or^er of the ddglta and add th# two nmabera If. 
th'e^ number of digits is even ^ but subtract the two numbers whan the 
ni^ber of digits is odd. fWs can be seen ae followe: Sup^se there 
,are three digits b, o* Then the reminder for the given number 
^ would be that for a * b + c and for^ its reverse c - b + a* Then the 
difference would have ^ero remainder. If the nia^ber Ims four digits 
a, b, c, d, the mum f^^^he given fturaber would ^*a + b- c + d and 
for its reversal wou^ be - d + c * b + a. Then the sum would .have a , 
zero remitinder* Then it woiJld not be suff'^leient to know the sum of all 
but one of the digits in the answer! ^ XpU would ^have to ask for all the 
digits but the last, or something^ l^e that*! Thi-s "trick is much more 
coapllcated* Its only advantage is tft^t it does not have the case of 
ffilure tfiax that for niEe has. 





- 
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/ftrisweps to Exercises 



pa^B 3*5 



l.V C^'/ No smsser Wiuii'ed.-' Bxanpl^ follows , 

" ; 'Itm of dlgita I'TSlffiB 20 Hot dlvisltle^y 9, 

■ - ^ : . ■ . . ... r ' ■ 




I 20 

■ 2 rematnaey.g 



Sum of di^ti Ug7986/ls 36 Dlvism« by 9^ • ^ 
©f dlgi^ 9^9979^ 1© 51 Not dlvlilbla ^9. 



' * 51 

Btmi 'of digits 1871*3'* is 27 

s 

2X ■ 
9 ■ 3, remaiaaer 0 



DlvlBib^ by 9. 



Cbj ho answer required. ExampiB follows 



9 



— 805 remainder 2 




\ 



"^^^N^ Sito t>f digits Is 20 1 5| ^ a remalflter 2 ; ' 

(tt) the remainder when a num^ei; is divided*^ 9 im the sMe as 
the remainder when the &\m ot t^e dlgite of that number is 
divided 9- 

(d) No answer required, Escemples fOllov/:f 

^ ^2 ^ 0 remainder 2} ^ - 1 reaa^inder i 



S2 ^ 97 remainder 
* 9 . ^ 



4l ^ - 2 remainder 4 ^ 



2, 



(a) The ijniqueness prupBrty of ii.ddition* (refer to page ? of the 
, Goranentary and /to page 5 of the students- text) 
(b) leg '^"-r" 
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1 1 ^ . 



_ ^ - i ' • '\ ^ 

v'cCls) ' Sam# reason as mmb©3p== 2 

. ^» (a) Yes ' ^ ^ ; . / 



Tes 



. A'^^ fea) C9 » i)l% bas a remaloder of 1^° or 1 , ' ' 

(b) (3x3* 1)^ baa a rep 



1 



iln^r of l20 ^ 



(c) Id^O s loolO a (99 ♦ 1)10 a remain^r of 1^® <x 1 

„ Y — - — -- Pn ^ ^ r 

6m (6 ♦ l) ha^ a rwialndar of 1 

'■7* (a) divisibility by hi If* the number fon^d by tbe last two digits is 
divisible by t'han the* number Is divisible by It # ' ^^ ^"^ 

(b) diyi^itllltjr 'by 81 If tbe niimbtr -formed by ths last'thra© dlgltf %b 
divisible by 8, then the nximber 4^s divislbl^ by 8^ . 

(c) divisibility by ^5-' If the number fo^td by the lapt two digits, is 
^ dlvt^ble by 25 (e.g./ 00, 25, 50, 75)# fl^n the! nmbtr is divisible 

\ 8. 2, 3, 6, 12 (0 1^ dixlfilbl^^ ^f^" ' / ' 

. 9. (a) raultlples of powers of 7. (This includes negative powert of 
7, e.g., 13/49 Id the dectmal system is ,16 in the systea to 



the tase 
(b)" (.12541...) 



7 * 



10. remairtdet 3 

^20 



11.. (a) ' (9 1) - 1 1 - 1 = Q (refer to' exercise 5) 



9 



7 



(b) (6 ^ D^-QQ ^ 1 1 . 1 ^ 0 (as above)- 



12. Cast*'9*s trom the B\m as you go along, (see page 7 In studenti' 

^""7" -'""^^ - _ ... _ 



. ■ , ■ ■ lie 
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927 sua of digital ^3 sum of digits: 9 Sum of dlgltss .9 
. : 8T65 3um of digital '19 sun of digits s 10 Sum of dlgitsi 1 



4635 

' .5562 ■ ^ • 

7a6 ' ' ^ 

801855 / * 

Sum Of digits • 27 . 
Spa of digits s 9 

%m ^swarajd In^ ttie text 

J, '810855 . 

4. 3, 0, 0 



5*-- itoswered in the t©xt - i 

^ ■ - ^ ^ ^ ^ . W 

6^ Castiag^Qut^the sixes. ^ 

» 2 + 1 + 0 i 3i otter digit is 6| 

\ ^ ' or 1 + 0 + 6 = 7i other -digit is 2, 

/ : sum of digfft e 9 or S + 1 + 6 = 9, other digit is 0 ot 9* 



page 

1* (ij a* 7^8 - 7 % 10^ ♦ 58 which has the remainder 7 + 3 - Ip when 
dlvidsd ^ 11 sincg Mb has the remainder 1* 
b. 758 ^ 7 X 10 + 5 X 10 + 8 which has the jemaindar 8 - 5 + 7 ^ 10. 
A (2) a*^ 7246 ^ 72 X 10^ 4^ which -Mi the same reinainder as has 
72 + 46, that is, 6 + 2 or 3. $ ~ > 
b, 7246 ^ 7 X 10^ ^ 2 % 10^ ♦ 4 X 10 + 6 which has the same 
remainder as 1ms 6-4^2^7 - -^Si tVl^t iSi 8* ^ ^ 
(3) a* 81675 ^ 8 X 10^ + 16 x 10^ + 75 which has the same remainder 
as has 8+5+9-^2* Hence the remainder is 0* 
b* 81675 ^ 8 X ib^ ♦ 1 X lu-^ ♦ 6 X 10^ + 7 X 10 + 5 which has 
the saiai remalrtder as has 5^7 + 6-1 + 8^ 11» Hence 
. , . . . . .the remainder if: iero* , \ . . . _ 



1 



ii 
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Sinee 8 Is 1 more than 7, a. numfeer to the base 7 can be tested for 
dJ^Visibility by^.i in'the.^aami way that we can test for divisibility, 
by 11 in tl^e decljaal eyitem. For Instanoe, consider (5326)*7 • 

Using the first method we l-iave (5326)7 = (53)^ x (lO^)^ + (26)^. 
Since 8 is (11)^, the reminder when (10 ii divided by 8 la 1, 
Thus the remainder when the given number is divided by 8 is the 
sai^a as when (53)7 (26)^ is divided t^" (ll)^. But (53)^ - (44)^ - 6 
and,(26)ta • (22)^ ^ 4 and hence the rea^nder^is the same as whan 
6 * dWlded by s/that Is^ 2, . 

UBing the second method we Imve (5326) = 5 3^ (10^)^ * 3 x (10 )y 



2 X (16)7' + '6. When this is divided by 8 th^^emainder ii the same 
as that for 6-2+3-5^2. * s 

(see pa^' 6 of the teachers' eoiinaentary ) . 
3, '9, 27, 37, 3 X 37, 9 x 37, 999. 

(See page 6 of the teacheri' coraiientary) # ' ' 

In the nimeral eygtam to th| base seven ^ we can test for division 

by grouping in triples all the divisors of ?3 * 1 p 342* These 

divisors are I 

2, 3, 6, 9, IS, 19, 38^57, lU, 171, 342* 
In th^numbtJC syst^ to the tose twelve, we woiild have the 

divisors of laVr 1 - 1727. These factors are 11, 157, 1727. 

(a) Ye^. Thei remainders when the powers of 10 are divided by 11 
are -1^ 1^ -1, 1, which has a period of 2 ainca 11 Is a ' 
diviior of 10^ - 1* 

(b) The divisors 3 and 9 listed in the answers to number 3 art 
divisors of 10^ * 1 as well as of 10^ - 1* All^he others 

have three digits in the deei^al equivalant of their reciprocals 
and for tht se, grouping t^^tf^gits In thre^dfl gives a divisibility 

i ' , . 

teat, ' •• \l ' J^jQ 

See -also the ..teachers' ooinmentary, 113 
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11 
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17 
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21 
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1 
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10 
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15 
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16 


26 


100 1 
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1, 


10 ' 


12, 
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12 , 


13 
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■ 91 
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• 4 


10 
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37 ' 


105 


= 1, 
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1 


10 
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'26 


10 
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1 
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11 
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1. 


100 


10 
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10 


10 


91 


18 
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16 


17 


1^ 


26 
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16 




1 
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10 


12 
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13 


1 


10 
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10' 


100 
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14 
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10 
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16 
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i 1 
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1 16 


16 


26 


100 
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13 
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10 
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Tna number of digits in ih.^ u^ule in the repeating decimal ie the 
s^m© as the numl^r of digits in the c^cie of remainders* Since, for 
axaaplei^ there are five rfe.mindara in the column headed by 41, one can 
tes'&^for divisibility by 41 frouplng the dJg'its in fives* 

For the questions on page 15 luwk on page 8 in the teachers' 
3ianual. 



1 1 



114 



.. .. /^NON-NEGAOTIVI EATIOllSL NUMBffiS * . 

' tras^mdnt In this Unit Is ajenmhat mora soph^latlamtad ' 



"1 " * 

than tha traatmant In &e Unit on Natural Numbers anA Zero* 



It Is asiumad that the sti^ant has ioma skill with fraetlc^ns^ 

and In oonvertlng fractlonis to decimals* Kie Ecerol^ea In many 

Instanoas a^a very ahallenglng. Soma taaohars may wish to 

omit saotlons 11 ^nd 12 or to teaoh these seotlons to tha 

• __ ' ■ 

mora glftad pupils only. Probably thl0 tmlt Is mere appi»q« 

pr late for Grade 8 than Oi*ada 7* 

Other previous knowladge assumed Isi the natural num- 
bers and £ero^ oallad the whole numbarsj and some familiarity 
with the oonmutatlve^. aasoolatlve and distributive propertlas 
of these numbers* The notation for 6/8 whan the denominator 
Is a factor of the numerator as well as simple fraotlona like 
6/4 ^ are assumed* ttie fact that 1 Is the Identity 
element for mult Ipllaat ion , that .^ero Is the Identity elamant 
for addition emd that sas^o tlmaa any nus^er Is zero^ as well 
as the property tatt If the product of ^ two whole nwnbers 1© 
^ero^ one or bq^h muit be zarO|^s as sumad though the student 
may not be too sure of sane of these properties* The 
inequality relationships of *whole numbers are not assnmedj though 
If they werefl^nown soma oondensatlon would be possible • 

Much of this chapter can be taught experimentally and 
the definitions of equality, mxm and product should be on , = 
the basis of experimental work on the part of the student. 



1X5 



Seetlon 3^. K©re It should be made clear that w© .define 

th© product of two rsttlQml nitabers as we do because of oi^ 

Idaa of what thfy sjiou^^d '^e, Bie st^ents themselves, should 

get to the point where they ^see that to get ^ the product of s 

two rational nmbers^ they compute th^ fraotldn whose' numerator 

la the product of the numerators ar^ whose denominator Is the 

product of the denominators o^.the given fraetlone. 

In eiserclse 1 the axplanat'^on might b^ that 7/12 li 
^. . ^ ^ ' 

dividing one pie Into 12 parts ^nd taking seven of thOTi. But ' 

the Idea Is that the number which 12 multiplied by to get 

7 Is more Impertant , ' • , 

Exerclsea 3 and 4 are leading up to the next section, / 

j^erclae 5 should bring Jut the Idea that the natural^ numberi ' 

^ are included In the set of rational nittnbarB. f^or pxerclse 

on© can w© In^tultlve Ideaa ilka dlvldlr^ plei^J^to paints. 

Thll Is^ probably sufficient for moat students. ^ But It/ la 

bettw^^entually tor do -It xlk© this: Suppose a/b ■'e/b. 

TOien multiply both sid©a of tUa aquation by b and get a ^ c,^ 

(W© are here using tiia p^ofj^rty that "equals multiplied by 

equals are equals'* . ) 

Section 4. Har© tha ^tude^iUs should gradually develop 

the Idea of equality u»r twa fractal una* The "cross- 

multiplying" Is Inharant In the definition of equality of 

' two fractions ar^ la hul lu ltdelf bad It It eomes after 



lie 




due experlexloe, and on thf basis of formula tS^n of thi stu- 

7#i^ta^« Host of th€j studetit& s^d^d probably test for. ©quality jp 
by^the lor^ ways m^ny tlmee ^©f pre th@y gat to the point of 
jalylalng a shortr^ut, Tbe ahopt-etit should not be d^vlped' 
:roi 

Sxarqlaea* In ©^enelse 1, thi two ways referred to' afe ■ . 
^duGlng to Iwest term^ Kid eonvertlng In other ways t0'^w© 
.^fractlonB with tji© lam© denominator* Of course cross multl* 
plying Is another way when the students are ready for It. In 
exerclae 2| It la Interest lng^;that doing It this way yloldis 
the saoife daf lnltlA» of ©quality. Werhave ac/bc ^ caf/da and 
henoe bo - adu Th© purpose of exercise 8 Is to point out. 
the difference between ^e dlfltrlbutl^e property and the 
assoolatlve property. That Is, to divide 2#6 or 6^12-^fty^3, - 
one must dlVlde each number by 3, getting 2/3*2 or 2*4 reap^s- 

Sj . 

tlvelyi *but to dlvldd 2x6 ot 6x12 by 3 one can divide^ either* 
factor of the product by 3 but not both. In exercise 9^* the 
statement Is true for all the rational nimbers we have^ so tfar 

s ft 

a.id hence the answer la "yes". However If w,e Include 'also 

" ,\ ' _ . _ . _ 

the rational nunflaer zero which appears lateri^ the reclproo&l 

' ' V/ ^ ^ ^ " ' / ^ 

of garo di^es hot exist frnd, since the raclprocal of a number 

which does not exist cannot Itself exist , there Is no 

reolproeal of the replprocal of ^aro. \ y , - 

5. Division by zaro. iR this section and the exercises, 

the tftudpnt should explore the dlffereno© between 3/0 and 0/3. 
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^>P^pbT/rther 'dfflil'6tfrwiiy to aistlngulah Is to porf orm t^e.; - r 
-^|^^oi*5d- miatiplloatlenf 3/0. la that nvuiiber which gives 3 V ' 
|?S^V*h#ii^yottTmiat5lply 1* .0^ but j^ery numbai' multlpllwi by 0 

3. aenctf'^A'*^ la '=nb, aueh nunbar. On 
th«'* oth«V hftnd 0 tlmos 3 la 0 'iund henoe 0/3 ahould be the 
Prom thlfc point on,' 0 ahould be Included pmong 
v;, l^i^'ratloiul numbePi oi" the chaptei'. There are quite different 

dlfflcultloa' »lth O/O. One respect In which It would oauao 
^'''^vS^ttbi^la'la the 'definition of ^qualltyT By the deflnltTdnV ' 
4... ..0/0. would ba equal to all ot^iar fractlonB., Alao O/O oould be 
Ay numbar alnee zero mult ipf led by tny number is zero, 

^ee^^^ The phrase "invert and mult llply" may ^appeap 

' here after due experience, A little better description would 

--—"be-4;h#t-.dtvldlng--by--a- national- nmber. gi^tes JHb^e_5Rne_result^ 

as mult iplylng "by Ita r,ec Ipr ooal , But again this should^ 

- • out of experience, ■ . ■ . , v. 

\ ^ One way to approaoli the answer to exerolae 1 would b© 
t - this How mpny halvee are there In 3 * answep 6. It would 
be poaslbl by this means' to show that-a/(l/p) - ao but It 
would be more dlff loult to deal with the general oaa© along 
; ; these lines* Exercise 3 shows that the ^Mlswer to exerolsa 

4- la •'no"* • 
•^1. . „ ^Section 7 • : Probably many more exerc Is os ahould b^^^ glyen 
here. This would be a good plaea to review greatest oonmoji 





X ^ ^^^^^ life. Is probably true that at no point in thrE^ 
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student's ear#ar shDiU^d he memdrl^ tli© propartlas llst^^ln^^^^^^^ 
yi; this seotlon* But as he usee them fflip3?e and more he should; ^^^^^^f 

assist him In spots where he la not Just^su^e whether 
what he wantj to do Is "all ©wad" or not. 
^—^^-^Seetion 9, "H&re we run Into a llttierdi^fleulty beoaiift©- 
we have been calling "rational n^hers" a subsft of the oot(* 
plate set of rat lonal nmab era , There was no spg o lal haj^ ^ u^^^ 
tp this point ^slnoe the statements made ware all true of the 
.larger set • . But whan we have Inequalities ^we-^need to^mak^^a^^v^^ 
dlstlhotlon hetwean positive and nagatlve rational^ ntvnbars. 

^. ■- . ■ ■ • . ■■ . ■■ - ■ . ■ / . . \ \ K . - 

; Ixarolt© 2» This oould of oourie b* soJ.v^d Ualhg 
results of the next exer pise but. one la not supposed to do 

It, could be done Intuitively i if you dlyldii:.a oertaln^ 
number of objects into a smaller number of parts , each part 
Is larger* It can alsb be done by cmvapMnjg the t'raot^^a^^^^^^^^ 
to those with the same denominatora i ^ a/b s ad/bd and ^ ' 
a/d " ab/bd* Thus If a/b > a/d, ad > ab and hence d >b* ^ 
iKarolsa '5 can be done this way* 



"^^^^-^^mvaiae li s^.'ould -tre apparent with ft little , 
• . " ooffltaii^^^ 5/6, 8/9 -and 18/19 are In ihor easing prder ' 

'i'J:ZkiMceth9y .differ froio 1 bySBialler amount a, The others, 
' Will hfe,ve to tie put In order' In other ways. . : ' 

■ T, Exerolflo 4 is ah example of what ts called Parey Series . 
..']' ftzid Is Boaetlnes designated as Pi^, The answer Is 
. r O, ^/7, 1/6/ 1/5. 1/4. 2/^, 1/3, '2/5, 3/7^1/2, 4/?, 3/6, 

^ . • ^^a/S, 5/7, 3/4, 4/5, B/6, 6/7,- 1 

""^ Raf^ehdef ean be found to this In many booka tm theory of 
"nlmbers.t Two of the most interesting properties, ate these: 

J. If a/j) and o/d are hny two Buooeaslve fraotlons, 
be ^ ad ■ 1. jd" example. If the fractions- 'are 3/7 and 1/2, - 

' then (7 X 1) (3 X 2) - 1. ( ' ^ 

. j^^. If a/i3, 0 /d ,^_e/f „ar e th ree . attooeaa lye .^f raet l^sns , _ 
than o/d - (a ♦ « )/(to * f ). For Inatance, cons ider 4/5, 
0^^^ g (4 ;^3/(5 4. 7). , ' . u 

; Similar resiilts would' Qcqwr with 7 replaued^by any other 
- " nat^al -ri^^ ' \ y ■ ' ' ^ ' / - -^^ 

Ixerclse a should not be too difficult nmaerliQ ally but 
lt,*la hardw ftlsebralcally - In .i^ct probably beyond the 
eapablJ^ltlea of mbat of the students. Solutions follbwi 

(r + ,;s)/S • r/2> e/S* Now r » r/^ ♦ r/2 and If 
t>.^M ^ff^ ^/^>^/^ ^^9^ showa that r < (r * b )/S, Sijnilarly 
one would show the other Inequality, > 

'*Fpr' exaBiple seei Iferdy., "Introduction to theory of numbers", 
2nd ed . i p . 23 f f . , ' Clarehdon Prdss , ttcf ord / 1945 . 




"part . 

VS^^f^3Ji^^$Uere It la bonvdnletit . to use axe^clet 8, and Me 



^0^^^^ (a+c):/(b+ci) If ariiWiiy If ai(b+d)< fb(a+o) If^ ind 

only If ad<bo, ^ 

Saotlon 10, in this seotlon th©r© Is muoh roooi f op , 

develop : thit x*333333 *dm *1b no^ t fb^ i/^ no mat t hqir 
f ar tho deolmal la earrlad unlesa pna puts a 1/3 at the and. 
V 7 " S llat hava a str Ijig of ^ zaroaay yhloh: oan " 

fas omitted and others ha ve a repeating pat tern « In a^arolea 
i tha atudienta daould odma^ to a olaar statement th at a j 

^ decimal terminate s If and only It the rational number aan be 
, . _ _j;©xpr^ 

the danomlnatw Is a power of 10^ Wtoen this stage Is reaohed 

. ■ . - ■- . • . ■ i c ■ ■■ ■ 

:^ : t ready to go on to the Mxt extoolses*--"^^^ 

Exercise 7# The etiiAents should haye as ^mubh experte^ 
aa is naaeasary along the lines of thlii exerolae so : that they 
^wlll formulate for themielves the oonoluslon that Is stated ^ 
balowt The same oan be said about exercise 7yTh 
_ ^ thir s<|gjplQn the sti^^ts should tie dlM^uraged from^ 
aheadf^l^jnie ^est of dlsqovery should be theirs* 



pJ-^aAts toegiimliie with the p-th division.^ If the r&p©afcliig 
^yd Blife ""'la'' a'aftliay-^"th''aQ P-1, It would repeat ' again- Mid again 
l,v. un^i«fe. cornea to the' p-th^'dl%lsion and since It hfti to come 
r-— ou^exa^.y-the.-nimbeE_.Qf-dlslts..liLtH^^^^ 

he. a 'divisor of p-1. Ohe first statement made Is the hardeiti 
r^frtr-prove, it Is done this ways the remainders wheri^lQ, .2«10,, _ 
. (p-DlO are divided by p are all different and- 

^-mmFp''iT€t''''^~l.'s.oi them. Henoe they are in some order'!, 2y . 
3r.3, 4, 5, (p-L). Hence 10-S-10«3«10» . (p-l-)10 - 2-3«4-.,.( 



P'- iB dlylaltoie hy p. Since p does not divide the. product 

i' ,.2 -3 -4 •...(?-!) w© can" divide hy the product and see that 1(3?" 



■^^is dlvlalhle by p, 



- Answers ^ 



g^>V; a)_.-. - 1 , ) 2; ; 3,. 14 ,y. , 



\ 



• ^ * ■ #■ • • 



13 



^ni!- T ■^P?,^i:*-' 4^, (Note these are non-negatlye htuabers , Non-neaatlyel., 

}^m-i{,t^'~ -t^tHt^'^ - r - ' l-n t e sficfc jaaulAJtfi-^thfi , a ame\ as , b > T - - - - - - ■-v:----ail 

&)-' 8, » 2>^ b) 21 =..7x3 c) 150 = 15x10 • d) 29 4 5x5c- 



fPl-.Sl,. 1^ .2, 3, 4, 6, 8, 9, 12, 16, 18, 24, 36, 48, 72, 144 

a"^6ve natural numbtrs are all factors of 144,- (Incrudlng 144 -r- 
vlf wa thli^ of 144 as factorable Into 1x144) . - 

5fc, ^63, 70^ . ■ . 




5) ' ,13, 26, 39. 527 65 . 

6) 1/B of 3 ' or 3 1/B»8 . 

a) ^4/5 Is the nuirtber juch that if It Is/ multiplied by 5j 4 is obtained 



'A 



c) 1/b " 

d) 6/11" 

e) 100 " 



It 
If 
It 



J! 
11 
11 
If 



tl 
II 
11 
II 



iL . II _.^fr,^_ 

II ,11 If 

II II If 

II 11 ir 



If 



"11, 6 ' " 



11 



If 



8) 



9, 100 



II 



.4 



I!: 



a) , i/ 2^: 3^ 5, 6, 10^, 15.; 17. 30, 34, 51. 85^ 102, 170, 255* 510 

b) all the numbers above " . \ . 

, o) ail the n\imbers aboV^ - ^ , ; ■ " 



- 'J 



-9)^ ; e - ^ lO, 15, 34, and 51 



10) 



d is a multlpla of a, and b,' and c - , 

;a Is avfaotor of 'd, b is a factor Gf d^ o^- is a' factor of d ^ 

d Is a inulfilple of a>^, a:<e or bxo ^ 
S^iiarly-akbj axe, bxo, are all factors of d 

^>^_^.^.^^^a-x b-x c-ls^ a 



; ' Exercises B. 



*• 1) T/iarmeans 7 x 1/12 or l/lS x 7,„ In words, seven twe 

^twilfth of seven. 



Ifths or one- 



5/3 r means"! X^! 1/3" or l/S' x3^.^^" "^^^^^ one-"tKlrd"^ 



five 



10/6 : meana' 10 X 1/6 or 1/6 x 10 or ten sixths or one-sixth of 

.14/24: :riieans 14 .X 1/2 1/24 x 14 or^foMrteen tWentyfourthe or 
. - V ; ' , vonu twsntyfpurth of fourteen 

.... .... ..aaa.- .^:iM;...uJ: . J 
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jj^;ye8. '^'it is of the form g where a and b are natural numbers 



1x3 x(|) X (|) 
« „ 1 3 



def. of rational number and the . / 

assodiato proper^ r^r^"" ^^iirt^ss^s^^^ 

eoranutatlva proptrty 



(|) X (|) = a x.(|) X 3 X (^) 

_2_:x 3 x4|) X (|) 



using Value of product of two' 
rational numbers whleh are In 
each nianerator ' - 

i J • y 
same reason as abo^e • 

A- 



•A 



e) (f) X (|) 
d) (|)x(|)x(7) 



= 5 X (|) X a X (|) 
- 5 X d X (|) X (|) 



same reason as above 



= ^^0 X 1 = 40 



1 X (|-)x a<(^)x7x(g') same reason as rfjove 
1x2x7 'X(^) X (|) X (|) \ ' ^ 



i?) IT |. 



1^ X ^f5> - M 



1 f) 



216 



numerators wid the product of the denoininators, - 



S ^ ,-1 >*■ 



- The division was 

11 V . ; ^ distJclbuted which is IriGOi^rect ae 6 and' 12 are ■ ; ' 

^^.A-i] not addends. / ■ ' -^t 



^IJWiahi^ i^^^^^ If a 4 ^# ^ 4 '^ - reolEirocal of ^ is ^3 r'eclpr.ocal 



f:t!?-'-ves;.S"= 0 as ^ would have to be defined bo that ^ x 3 = 0 and ^ 

ip- 3 the only way you can arrive at a product of zero 

^ is for at least one of the factors to be zero. As j: 

1^?, . . ■ • 3 4" 0, then 0 = 0' - / •. . .v^ 

,2) If ^ la 4, then'hy deflnl^lon,= x 0 = T so that 4x0= which Is • 
. - .. . oontradlotory as. any number multiplied by ^ero Is equal 
■ ' . -.to aero . ; 

i^).^^^) 2 b)- 3 . c) - 10 d) .100 „ e) lOOO f) 1,000,000 ' 

^^4) No^ for to give It* any meaning would mean we could divide by zero 

; S) No/ for to find a value for §, we would" have to find a number so 

th^t TT^o Vsome number " - WeTsee heYe'' th"at "^^^5S5ei^ vTOuTd"" '---^ ^™ 
K ^ .' work, this means 0 has no definite value aafidis therefore 
• . ^ meanirtgless . J 0 ; 

■ Ecefclses E. . f • ■ / .', ' 

'i.^y:..^ ^ z -4 ^" -I'- fa ■ ■ - ■ : . ^. ^ 



a):' a) §• =b) Itv °^ f. tS 



;3) a) I . b) I 
^4) No 



61 The quotlSnt of two1«to|ial numbers Is equal to the product of the 
V ■ / dividend \ and the 3^Pf flTai of the /divisor Y 
■^numeratorj ' ^denominator; 



ExerolseB F. 
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■* «j ^ 

ise 




ll^^v V::; ' 5) First .chapge. the rational numbers so ^ they have equal 'deAomlnator8,yi 
' ♦ thejjr' subtract one ;iU2neralior frota the other , and place over, the ' \tj 



w6) a) ^ 

ad+bc 



h) paji't do 



c) 



d) 0 



d) oantt do 



9) 



10) We use it In finding like denominators (or. If pj*efarre4^ a oortmori^ 
denominator) so we can change "^he fraotldhs^ If Inaoessary, ; ttf 

^ fractlonB of equal val^e^ having this common denominator.* 

11) i Yes/ as it Is of the ^form ^ where a Is anjr whole niamber and b " '^ 
is- -the~natural number -one* — 



atlonal numbers such that ?^ 3" - 0, then 



12) . 3ff ^ an^^g^ are 
" a 

either ^ ^ 0, ^ ^ 0| or both 




Br0^:= 1) ^j^y deflnltloni^ | x 4 



2). ac^- and bd are whole numbers-- whole numbers are 
closed under^ multiplication ^ ' . 



3) ;-lf ^^0,. then tiy deflnlfclon of alvlslon, ^^-O^bd^ 

■4). Kiys ac = 0 , ■ . . " ; \' " ■ , ' 

"ST^^^^^ i ^ ^ P 6i^.^both^;^r6^ propertyT^ 

, for whole nita '^^^ ' 



s 

"I 



Ixerclse^:^^* 

l) l) elqsure; 2) IdWtity element for add* ' and mu ^ssbo- \ 

latiylty- ft>r^-add^^^fand-mul tx^ ^ -for ^ad^^.^ -and-mutfe.— 

5) Distributive proper ;^3^* ,, 6) No, 7)' product ^ 0^ one ^o^ both, 
are' zero. 8)/ zero multiplied .by any whole number is, z.pro. ' 
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7.3 



t5<^{ ^<h w<i' ^>^'^>^: 

have two j?atJ.onal numbers ^ and - where f • 
Qiarigilas^to common denominator we have ^ and ^ ^ 



. ^ a o a J "Eb 

f^|.:>^ a- .a 



a 

0 



As 



§ ^< ao < ab, thus c < h 



T 5' f 



3 /3 2 1% 



^'1 



3 

'5^ 



leaving out, the tial ves and the thirds we would^ have something, llkeV this 




3 



4 



6 

7 



^ 1 1 1 l-2'a''2 3 3 4 3 4 5- 

-'(S## Teacher *s Manual for two pi-bpertles on this Farey .series) 

5) -"See No. 2 above.! !Hie. demonstration of thepe properltes consists 
• islmpay of- cl^glhg each rational 'nuniher to one haying a conimon r 
? and bomparliis;-the numerators ^ ' i. 



IB closer to tt 



7) Wven any two rational ntambers ^ and ^ - (where b 4 0 and/.d 

1^ Changing *t6 oonmi(|n dencelnators i . -v ; ; ^M-; V'K 

' we .have ad and eb- with the Bame denominators. We now ,cbmpar#;^ 



the numerators which due to closure a-r'e wtiole 
number^ . Wien ad b cb,,fad = cb, or ad ^,cb.,\,,^ 
according to the p:?operty previously^ stated J.^^i 







fior whole nimtiers 



P 
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?K.. ■.. 



4 
I 

i.- 



'8) 



let r 



1 
7 



and .8 .= ,2/? i < < I 

* . ■ ' . i ."4 • . . . ' , " - . . 

1-^ rill' > ,2 



Let ' r ^ 



1 ^ ii ^ 2 
10 - 11 .'12 



|„ and 8 - I 











:|.< 


,■5 




7 , ^2 


ll< 


• < a 

•T5 11 



,2 
'1 



. I' 



b) 



* - 
.If'- 



Let 



r and s = 2/5 



Le%*i;, P -i;^, and s - 2/i 



1 
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■ 2^ 1 

. 2 ^ ^ 



10 . 11^ J.2. 




^-""3 7 7 - p 




7 5 TT < -5 



1. ■■■ ,M 



iMMid.^ and s = 2/3 



1 < T ^ f 



1 " • t 2 



1+2 



: .<• J. 4* 



-13 2" 



' i 2 
Let r =i and = 3- 



A - 1 + 2 " ^ at. 

1 ^ 3 > 2 . . ■ . 

15 5 la ^ 20° : 



g^^—^ey'sli^" show this 



la) ^ For all parts of pir^^lem a,i" le't r =,^1, s = ^ be §ny ^wo_ positive 
■• rational Ambers where |- < §' °^ ad cb .'■ . ° 
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' .,^^tjyt>2^a-^ ad + ad and ad + ^ad < ,ad + po (ae ^ad < bo) 



^p.^-^^^f^^ ; Similar 1 




lilarly^ ad + fee + be (as ad.< be)'/' * 



i) ■„ c .^ -.a + c < a 



^ >t bc+ad 



aad.^ be-fad '> *abc or • Sad < be + ad <'2bo ^ ^'^<:' 
2ae Sao % 2ae . Same raasgns .as in a)^ ^\^bover ^ 



.4 



r < H 



{ 



■'i . * ' . ^ - . . . ' ^ ■ . , = ■ . = . • . ' .^ ;■ . . 

r a * 2ae , e ^Fe now ean maltt .the niHttaratorE equal ari(f -can — ^"---^ 
/ F bo+ad ■ cT ' Gompare denomlnatoj'B, Prom pre vlo^ui- "^ojfi^ 

. ' know that ^tfhen numerators are aqudl/ thev^^^^^^ , • -^^^^ 

' ^ ' smaller denominator means the larger frae** ^ " 

„ tlonal value. Thus we see that the requlT^d — ^ 
Inequalities are equivalent^ to 2bo^ bc+ad : - 
a+f* p ^nd ba + ad > £aa. ^ ' * 

f <-^<t ■ . . . -'.^ 

^ad(b±dl ^ bd(a+6) ^ ebfb+d) 

bd(wd) < bd(b+d) < bd(b+d)- : .: 

or^ ad(b+d) < bd(a^e) <i eb(b+d) ' . ' ^ ^i- ^ V, 

abd + add < abd + bod^ ebb + bed ^ v 

, As ad < be J the left member (abd + add) le less than the " . 
~ Tntddare^member ° Slmll ar ly j '^b'd^ *"4--bed''^<^ 'igbb^'^T^gd^^^^^'^'W'^ Tyg 



D I - ..50r. ^.#4 - :am^ | - -^^ I - -ii^^ T * -MM^J- 



a) Some of -the "decimal equivalents rfere repeating decimals, such as -j. 



h 

W* 16; 656* 10,060 



:3) 152B, 1^, '12 



4) Yes, the denominator will always have the same number of ?erM as the 
. \ niinhei?' of deoim places. *' ,. \, 

Yes^'due to^the nature * of' the dlvS ion process with powers of ten, 
"^"-^^Ke^r wlir he «o^i*#maln0r;r if division is carried far enougji. ^ - 



6) Every termlnatlniMecimii can be ea^ressed In the forro where n 

■ ' ' 10^ ■ ^ . 

mOk k are natural niimbers. Likewise, rational number of the , 
form n can be expressed as a teiTnlnatlng decimal, 

10^ - . 



7) K the^enomlnator Is a factor of 10 or a factor of a 
- of ten. It will be a teiroinating decimal 

tt) miey will be only 2 or 5 (or powers of 2 or 5 or 

9) Yesj 32 di0.de s 100,000^ 
40 divides 10,000 
16 divides 10,000 

64 dlviTdes 1,000,000 

Ecetcises J. ', . 

1) 1/3 of 1/lOQj No| Yeaj i/3 of 1/1000 

2) OOOSsf 142857 .1 . • or 6/7 , oou , . O00057 1'»e857 > ... or 4^70, 000 
. 3) .9', .99, .999, ,.9999 .1 

' : .1 .01 .001 .^0001 ' ^ 

If we multiplied .33^/$ by 3, wa would get exactiy 1 . /• 

■%) -a) .375 c) .425... e) .123.... g) .07&g23.., 

^±,.....b)T:..ll3W6..:.,. d) ,056 , f) .lim. . • h) .Op0tf2352?41i:^. 

O , ■ , 132 . 
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a^erclsae J* ©pat. 



5)* Jri wv^ digits, in 4, 6 digits (at most the number of 

■ y . 'f-'l^f-: ; - . digits will be on* less 

;V= ' ■ /V than the dendminatoB)^ 




''6]ji;iVIt wi|^^ as the denominator Is made up of* prime factors othiar 

y^S^;;;than 2 and 5» As far as 412 places, possibly, 

■ J^-'- ' ■ * =/ = . ' \ ^ ^ - .. ' ^ ■ . 

T) 726j Eero 

3) Count the nmber of digits In the repeating part of the deoimal. 

digits Is^ maltipiy n hy 10 v ^ 



4) Die number of digits In the repeating part of the decimal ec 

valant of 1 where p is a prime number^ Is always a divisor of 
. p^l 7 



Unit V 



i. True - talse 



p M subtraetlon, 

T 2, 2/9 awi mewi either 1/9 of 2 or 8 X 1/9. ^ 
T 3 In adding numberi. If the. denominators are equal^. 

/ ' ^ the humarator of the .sum Is the sum of the numerators and 

^ ■= ^ 

* the denominator Ib the common denominator, 

: " ^ - - - . ^ - - ■ ^ ^ ■ ■ . J • ■ -■ • 

T 4. The following 'nimbers are all examples of ratlonai numberji 

3Am 5, and 1 

* P 5# Division ^f^ rational ntmbers Is aeeoolatlve, 
T 6. The fraotlonE 0/a'and O/b represent the same rational numljer. 

If lielther a nor b Is zero, 
p 7. The set of non-negative rational n^bets Is not olosed with . 

r^Speot to mujtlplloatlon* , ^ 

=;8t'^%r z Is d^ from zero^ then 3z/z isquals 22v ^ . 

T 9. The expression a + b ^ e may be written a ^ c b* 
P ID. T^la a Etultlple of 28* " s 

p 11. The deolmal equivalent of BXiy rational niimber will always 

terminate* ^ ^ 

T 1^* The symbol 24/8 stands for bot^ a natural niaabep and a non- 

■ negative rational nimber* 
P 13* Zero Is not a rational number* 

p 14. The Bym of 2 rational numbers having equal denominators Is 

• ^ . ^ ' : ' 

a rational number whose ^numerator Is the sum of the numer- 

ators and whose denominator Is the siun. of the qommon denom* 
Inator* ' ^ 

T 15. Eve^ repeating decimal may be represented as a rational 

niimber. ^ 

O V - ■ ■ , • 134 ■ :. : ^ 
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Thg product of eero and any rational nimber is ?ero. 
P 17. If one rational number has a larger numerator than a seGond 

^^^^^ / r^ the first Is always the larger, 

T 18. Even If a ^ 0^ a/7 is a rational niunber. ' 

F ig. If two national numbers have the same denominator^ they ar# 

always equal, ^ ^ 

T The riiamber j/16 < 8/17* 

F 21» The f raetlons 3/^ and 16/2O represent the seme rational 
\: number* 

T 22 • Another way. of saying that 14 is divisible by 7 is to say 

that 14 Is^a multiple of 7. 
T 23. a - b is a natural number only If a > b, ^ 
T 24* In the division problem 1/2 ^divided by 1/3^ we are looking 

for a number which when multiplied by 1/3 gives 1/2, 
T 25.^ The reolprocial of 1/2 is 2. 

P 26v" The sum of a/c + b/o ^ a + b ' - 

P 27# The reciprocal of the reciprocal of 3 is 1/3, 
F 28; Even if b equals 0, a/b Is a rational number. 
T 29, The fractions r/s , and t/u are equal if and lanly if r x u ^ 

S K t. ' ■ ' 

PAra II. MULTIPIE-GHOICE 
1. In /adding rational ^numbers with unlike denominators j which of 
the following may never be used In finding the least cpMion 
multiple of the two denominators? ^ 
A. multiplying the two denominators. 
\ B. doubling the largest denominator. ^ 
*Cp adding the two denominators. 



dividing ' two denominators by g. 



E* All of ihe above ai»e copreot. 

Which o|(^the followihg pair's of numbers are both divisible by 
some number greater than one? 
-A. . 7/3 ■ ' . ' ' ' 

B. 8, 9 

*G. 7$ is * ' " 

D, 5f 23 ' ^ 
1. None of the above. • 

You 0 an find the product ok two rational number^ by... 

A. multiplying the two numerators. • 
B* multiplying the two denominators* 

*C, dividing the result of A by the result of B. - 
D* muit^lplying the denominators and dividing the nmerator. 

E. multiplying the nimerators «id dlvldlTig the denominators. 
vWhleh oha of the following fractions will give a repeating , 

decimal? ' 

♦D. 6/11 ^ 

fi, 7/20 

The quotient of two j^atural numbers Is always. 

' A, zero. 

B. a rational number. ' 
*C. equal to one. 

D, a natural number, 

E, none of the above Is correct. 



6. Which ot the following Is true? 



4' 



8. 



10. 



- A. (3^z) (t/k)' equals X plus 2 plus t plus 

B, {x/z){t/k) equals. (xk)/(zt) 

C, (x/g)(t/k) equals (x/t)/(zk) / 
>D. ( V^)(t/fc) -equals (xt)(zl|) 

None of the above . 

TeWEdnating deo3jnals . . , 

A. nevei* stop, ; 
*B. art exact , 

C# never end In a aequence of : Eerps, 
^p, are not exact* ^ ^' 

E. None of the above# ^ 

If a/x =.y/d and a ^ 6 md^ 6 ^ 12, then x . y equals.. 

A. 1/2. ' ^ 

2. ^ . ^ - '^ - 

C - 24i - ' - . . , 

D. ^oannot be deteTOlned from the infomation given. 

E. none of these . 

The decimal number, 2.7l82|..., Is: ^ 
A. a repeating decimal. 
Bm a rational number* 

C. equal to the quotient of tWo Integera* 
♦p, f can*t be determined from the given Infomatlon. 
E, none of the above. 

We owi change the denomlnaWr of the fraction (2/3) / ( 
the nw&ber " 1" without ehauiglni 
A# addlJig 3/k to the numerator 

1. subtracting 5/4 from the numerator and denominator* ^^JB^^^^ 
—r: ■■ : ■ ■ ■ ■ - - ■ ■ - - — - - ™- ---'^^-^r^- 




g the value of the fractlcwi%ib^%|^^y 
r and denominator. . [ :i'^%^MM 



p. dividing both the nime^^ 
E.< none of the above, 

11. ^' In the following list of fractions, the fraction whlcli does not 
terialnate Is 

A.^^ 1/$ ' '''' l-r ■ ■ 

...... ' .^/5 > ' ■ / 

"' "» . ' . 

' i' 1/8 , „ ^ .' 

12, The fact that l/U x 12 is equal to 12 k 1/4 is due to which of 
/ . the follbwlng principles? 

A. associative prii^clple. 
ooipautatiye principle , 



©♦ distributive pr^olple. ^ ^ 

" olostire property, --^-.-.^^^^.^^ 

1* nbn^ of the above* 
13# A repeating deelmal*** 

A. always starts repeating imedlately following the decimal 

point. ' - . ; , . / 

B. never repeatsv?^:'^-^ V . 

*C* e^ntlnues to repeat^^l>ii0 .matt^^ hpw Is 

carried out* 




are not periodlo d^d^a^s, ' 
' E. none of the above f . , 

lU. The number of digits in the repeatln#|^|f 'of 57.173456173, 

is,,.' o 
• A. 3 
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■ E.: none of the. above. 

r ' ■ ■• ■ ■ ■ . ■ - :' 

15 1 Which of the following Is not a correct way of writing the 

V \ ; A. (-2/3)/{V9) , • 

B. (2/3) K (9/4) 

: " ( ■ ' . 

C. (2/3) X (9/4) ^ ^ 
*D. (2/3) / (9/4) 

E, all of the above are oorreot. 

^ PAOT III. MATCHING, 

(B) 1. (3/4) X (4/9) - 12/36 A. (a.k)/(b.k) - a/b 

(C) 2. (2/3) f (4/9)^iia3|^2 B. (a/b) X (c/d) - (m.c)/(b.d) 
(A) 3. 1/3 - 12/36 c. (a/b) i (c/d) (a.d)/(b.c) 
(A) 4.. 2/6 = 1/3 . D. (^b) 4 (c/d) ^ (a.c)/(b.d) 
(*) 5. (3/4) X 4 - 3 ^ 1. (a/b) x (c/d) - ^( a.d)/(b.c) 
(A)' 6, 12/18 - 2/3 p7 (a/b) X b - a 

PART IV. COMPLETION.' 
•Find the mis sing niimbers for each the foliowingi 
( 9 ) i . ' 3/4 - 

» (18) 2. 6/T ^ J_/21 ' ' 

(64) 3. 5/8 ^ 40/?_ ,i ■ 

(4/r) 4. 28/49 ?_/i_ 

(3/7) 5. 15/35 < 
( 3/5) 6.. 102/17Q » L/L. 



i.i^^il^SElEci^'^s® ^^^^^ '^^ size, the smallest^ 

K ; : ; 16/20 18/21 Arts, t 21/28, .16/20, 18/21. 

(7/33) 8« The rational number which Is equivalent to ,2121^ 

■ 9. In division hy 23 the number of the possible remaln- 

ders Is ? _ ,A ,. , , , ; 

Plnd the exact decimal equivalents for these rational n\«nberfl. 1 
Garry out the division until decimals teminate. 

i^625l ii^^ 3/8 ' _ : 

(;b625) 13. 1/16 • • • 

(.53125) 1*. 17/32 

(b - 1) 15. It was shown in the unit that In the dectmal equlyalent 
" . of a/b the nxamber of digits In the repeating part caii- 

^ , ^ not be greater than * ' 

/ . PART V, MUWItLE CHOICE. 

1* Whl5h Of the fallowing properties for rational numbers does 
riot fit our e^verydi^ experlenoes? 
A# One Is the identity for multlplloatlon, 

B. D4.vlsion is the opposite oiP^ultlplloatlon, 

C. There is an associative property for addition. 
Subtract ion is the opposite of addition. 

*E. ^ne of the above* 
a. John had 3/U ? dollar and spent 1/5 of it, George had 1/5 
of a dollai* m6 spent 3/4 of It. They both spent 15 cents. 

pi^pirty ITor mmbirs does this life aituatlpn illus-^^- - - 



fi. Associative' for imaltlpisjs^i^n, 

C, Identity property^ for mult IpllofLt Ion ^ tr , t 

*D, Commutative propert^ for multlplloatlon, 
E^. Mohe of the atioj^i'^^^ '\ : ^ , 

If ^ .* r ^ 1 whf |fe tari^a r are rational numbepsV^':'^en we ^ know 

that 

A. m s 1 or r - 1 or both 




1W 



n r 

C, r ^ 0 or ra = D 

- » 

Ds m = 1 or n ^ 1 or both , 
E. None of the above s 
Which of the following would b^ a oorrect way to give an eic^.: 
- piahation of "3 . 1/5" ? . .. ... ..... 

A, Divide 5 objects into 3 parts and take one of them* 

B. Divide 1 object Into 3 parts Md take 5 of them, 
•0. Divide 1 object Into 5 parts and take 3 of them, 

D, Divide 3 objects Into 3 parts and take 1 of them. 
E* None of the above. 

r 

Here are 3 numbers:' m + I j m - . ^f we arrange them 

, f n n n + 1 

.in orderi from th^Wraallest to the largestj we would have 

A* m, m 4- l^j m + 1 

n n , n 

B. m + 1^ m, m + ^ 

ft V n h 

,0, ' m + 1^ m + Ij m 
^ h n 



1^1 i4G 



above ■ , ' .^^AS^^'i- . 

6. Another iiame^^^ the Inverse for mult ipMcaH^^ of a rational 
^^^A'^*fty)ntoer Is the ' vjoV ii ? 

'b.. Opposite,- . '" ' • . ' / 

C. Reverse. \ , , 

:.- - ■ ■ ^ . . , \ -h;, , • .. .. 

"E^ i^one^oi^ the above, . ■ * ^ ■ 

7; Jim; and ^erry woric tqsf^^ Eaoh geti half 

"---"tKff' moneys they earn, cirieweelt they had two jobs 
. 45 and ^3 if^ When they split: the money, Jim thought they could 
divide theism half, and then dlyldfe the |3 In half and ■.then 
add these tw.6 shares t^eiher. Jerry'. thought\;;bhiy^aK^i^/: ^ 
the As and A3 together and then divide the t,otal e^rriings.-.-./ .v;;^- ;,/^^^^ 
' men they tried both meth^s, they got the same aaount each 
way. What property for ^Itlmetic ntambers does this life 
situatlpn illustrate? ^ ^ .,»-v 
A. Gotonjitatlve ^j'Operty for addition, 
*B. Distributive prop^r%. 

C. Associative property, for multiplication, !|, 

D. Commutative property' for multiplication. i' -^J^^ 

E. None of the above. , 

8. If r + t ^ ^0 where r aynd % are non-negative rational numbers *i 
S u 

then 'we knov/ that ..j".;^ \ 

»A. r ^ 0 and t - 0 ' * , \ ' • : ^ ' ' 

■a, ■ ' u v^'. ■ 
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.C. ; ^Elthei* r ^ 1 or t^^ i , ^ ; 
JDi ' is the reciprocal of r 

rE. ; :|-N0n6. of- tHe- above 



:J'9>^^y/W^e^[>pne^^^ following' properties does not .ihi63.d- .^dig'A/' y:;./;!^ 



/ .Th0 ^Sji^ Is '^clos^d with respect /to ; 

J||j ^multiplication, \ . V 

; Bi V Multiplication is commutative* . ' : - ' 

P. .There is an idfehtlty for multiplication. 
*1. E\jel^ rational number' has an- Inverse for ifiultlpli^atlori. 



10, ' The dec ^al Tot . the numbfer 3. ■will 

■ - - .' ^ V ' - ■ . ^ . . ■ ^ . • ■ 

■ ■ • ■ = ■ ■ ' s ■ ' * ; ■ V" 

. Repeat in cyclas of ' 3 ^dlglte w ' . : ^ " ^ 

*Ci;- Repeat in eyciep of Jess thim:2i3 4 . ' ' 

D* Will not repeat '63^^ ^nd ^^s 2^ is prime. ? 

\ "'^ .. : ^ ^ ' " ^. ; ■ ■ ;■■ >■■'■ 

E* Nona of the above. ... ^ - ' 

^ . . . . . -y '/ . ^ , ^ ,■ ' = 

11. If "m" represents the simplest ^om pC lr fractlio^ then ^the 



deoini^l will end If ' 
A. i^'ls any even number.' %- 
B^i . n has no prime factors, 

..n^ is any odd number, ' , 

*D. ]^ has no prime factors other th^ 2 or 5 or both* 
E,' N^e of the above. 

The rational number halfway betwlfe^ ^/h and 13/16 Is 





' *E, ' Ifena of lihe above • ^ ^ ^ ' : ^ 

13. If a . c e 0, where a and « are rational ntaatiers, then we 

: ■ <tA^^A^ 0 or c ^ 0 or both 

B. a « 0 or b s.O or both . , ■> 
*. C. to = 0 or d = 0 or both > , 



jD.i a Is the reciprocal -bf o 



i). None of .-the above., - " 
1^. Indl,Qate the relative, Blz"e of the following pairs of fraotlong 



/ (>)/fr^i8 36/45 . : V,,, ' ' , ^ . • ' 

(=) C.,":?^l/49 . 15/35 ■ 

(>) 14/35 . 7/21 , - . ' 

15, Calculate toe followihg quotlentev * ^ , . 

■ (V7) A. 3/4V(T/^ t a/SK' - ° ■ ' 

Z: , (9/4)1. (3/4^7/8)^2/3 ■ :s ' ■ 

:; (AssofeiaW C. This shows tfeat the operation of division 

' > * of rational numbeM does not have the 

\ \ ^ ^ ^ - . r , prope rty ^ 

16 Place the ^^tlonal numbejca In the following, list? in the wiswer 
^ > Spaces at th€5 left ♦ . 



;.. . < ' . " • ' . . ■ '144 ' . 

■■■■ ■ ■ ■ ■ ■ ■., -..'/■,:o , > 




i.^.. .. .... 0^0 

' 3/0 ' (^S 



0/0 '2/7 • ' ,1. . . -' 

17 A« How ttai^ different remainders can appear when one natui?al 
' number Is divided by another natural number If the decimal 
equlYalpnfe does not tewilnate? ^ ^ 

(One less than the divisor,) . ^ ^ 

What remainder must appear if the deolmal equivalent 



terminates? ^ ^ '3^^^^ 



V (Zero.) f 



, Arrange the following decimal equivalents of rational f 
numbers In Increasihg^ order from left to rights ^ • ' 
^ : ; ' .6, .57* .6pi, .561, 6^ 5* .06, ,05 

(^.05,^ .06/ .561, (.57* /6,' ^01, 5* 61 * 

D. Arrwige the following] rational numbers and deelmal 6qul-^ 

■ > ft ^ . . , / ^ ^ 

J ^ valents' in inareaslng order from left to rights 

■ ^ / ^ 1/3/ 1/4, ;fl| 1/5, \2l, .91, ^2/7* .37 

: - : ^ (1/5, .21; 1/4, 2/7, .31, 1/3, .37, -91) ^ ^ .^ 

18. What rational number would you add to ^3 ^to make it exactly 

' ^quaito^3?c (1/30 or *033...) , j 

19* Match. the descriptions on the left with the answers on ^ the 
: right. * ; ; \- / V 

(2) A. A check to detemine 1. ac . 

1% two fractions, a . ^ - . . 

' ^ 2. ad ^ be ^ 

and c, are equal 3. ab cd ' - 

- \" ' ^'i ' 1. aa 

(6) B. The BVOi of a and o ^-^.^e^ 

ERIC : ^ ■ 



'IStKite^tlSi^^l;: ( M» 'or g •) ftiOU^d be Wetted between -eleh 
(fr^ ; -^ir of j*atA^ to .piice It a t^#Kitatetatnt?^ 

^liisfTi'iJij fitif t ^^ ^^x^i^i^ss im^i^^ i ^-^ ^^A^ tiffs'"' \ ^1^1 ' ^ < ^ _ * ^M^^t^ 



of j*atA6na4 numbers to ,|||ice It a ti^^^gtatetatnt?^ 

a. 5/9! 4:20/36 ; 

;t<^'"'D,' 7/8. 
(<) ' E. "2ii3/37 v 253/36 , 
— P^*T/i3 ,539A001 




p21, -Carry' out the following eomputatlons, reduclnji ^swei»s to 
a tipple i^t form ' Y ' 

(0) . A. (0/5) -X (-1/6) X (2/7) - " ' 

(27/6a) B. (1/2) K (^9/8) - 

(3/2)'' C. (1/3) X (i+) X (V8) X if/) 
' (3/4) D. (3/2) - -^A) w 
22; Find the product l/5 • lA* 
a, -foliar. (l/SO) 
-- g3ir- Define i ( Sie text ) 

: -'^^ Rational ^rt^ber 

= '= ' ■ ' ^ _ 

• TeridLnating fieoimala 



Explain your - ^swer In t eCTis pf 



^7 B^lmal Iqppiivaieiit of ^rational .nto^ 

r^. ^^^^ 
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e use to^ n^rltlng a rational number on 



;i^^^^^V;^-:|ast meanings of 3/84 (See text)- 



',-fv'*f' : \ ■'■7' 



1 •r\ - 



At 



3i 
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^^^^^^^^^f^^' ' ' ' Date ' ' - ■''""■■^ "'. ''^^ 



UNIT: . • •:f 



Clti^liidlng testing) of this units ' 



Use the Back- ot. this si^t^ you mm isctba space to 
. . iaiswm ^ OF Tiffi QUESTIONS mwv 

'1.' Hiie^ statement about the ability level of the pupirs- In the - 
elaas and state whether your school uses some plan of homo- 
geneous grouping. % 

^ ^ . ■ . ■ 

" 2, What parts -of the unit proved to be the most teachable? 



.3. What parts of the unit proved tp be the most Jiffleult to 
•* . tea<ai?/ '"^ ■ • .V*. . " ■ 



Did you omit any p^rt? 



"• - . . ., ... '. . . • 

¥. Did you use any supplementary deyelOOTental materials? - - 
Jf SO, what were they, Mid at what points were they used? 

5. Did you find it necessary to provide the; pupils with addltion- 
al matei*ial?' ■ 'W;v::-; i.....,.i Zy '.^ \ -SI 
If so,^ was it from textbooks or did ,ypu wrl^e your ov^? 7^ 

6, DO you think that a unit on this topic should be Included to 
regular textbooks for 7th and 8th grades? ■ • 



7. 



Please make MY additional «oiSBnisnts about your teaching ex- 
perience with this unit which you think would be helpful to 
trte Panel responsible for preparing and experimenting with 
-ijextbook materials for grades 7 and 8, » : 
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KlSift''-^'' 'iS^ry of Teachers"' Comments / . ^ 

j^tJBinljej&of . days glve?i to unit varied from 7 to if3 i^ritJ&SSi 
pl*^£^'-'I^r'' ' Olie classes varied" In ability to this .extent: TljT 
f?±v;\tl^,lTS^^3^v"^lr'5 medium level, and m heterogeneously grouped' classes. „ - 
i'^ICtu^fe^C^^'s's.es mde use of supplemental^ developmental and practjlce' - Tt 

fe^^Tfr^^H^r^l^^ , r , , . . , ^ ^ , . --^Trwf 

_ . ea^ or difficulty of th# sections In the opinion of the ' 

' Is Indicated in the following lists - - , - -Ji 

Most Dtf f Icul-fe-wf 



Section 

Vffiiole manbers and divisibility 
zf^t-^^^^j^^^: notation 

^ Multlplieatlon of rationale 

Equality of rational B 

Division by zero 

Division of rational 8 

Addition of rational s ' • 
- -* Stannary of properties 

Order of rational B 
■ 'Decimal equivalents 
^ - Repeating decimals 

^ , Ira gtlonal equiv ale nts „of _ _. _j 

- repeating decimals 



Easiest to 

Jeach 
5 

2 
1 

'6 

6 - 



to Teach 
— g 

- 0 -7 

a 
1 

2 
5 
5 
2 

9 
2 

5 



8' 



Teachers of this unit generally agreed on the Importance of 
jaost of .the material In this milt, but foimd It sH^tly harder :tQ- 
maintain high Interest than on some of the other imlts. However ^ 
22 out of 24 felt the material should be Introduced, 

A majority felt it necessary to use supplementary material, ' ' 
particularly for added practice material. Hils was the most 
commonly voiced need. Added materials used by different teachers 
included .the following^ 

Wox*k on geometric progressions Including the "Aohllles and ; ^ 
the tortoise -Sparado^e a, ^ 

Hore work on percent from regular texts . 

Ditroduotlon of negative numbers '(because of title^^^of unit . 

Ratio and proportion problems . ; ■ 

Practice exercises from otorrespondlng r Maryland unit - also 
~ - - ' \iee of this unit . for develbpmental work ~~ 

^ LMi^age of sets and simple diagrams to clarify meaning of 
bperatlons on rationals - 

EpIH problems on manipulation with rationalm 

Formula for changing repeating declmal^^o eqwpralent fraction 



No clear conclusions appear possible from the data on ease or 
dlfMculty-of -sections except that the flr&t^few sections ln-= gen 
iral went easily j but that the work on the order rela^tions of the' T 
aatlonais and th% work on repeating decimals In general were hard i 
Several -feeachers noted ^ however^ that the material on the repeating: 
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^_ „„ *''V*';||'/ " "' ■■ ... ,., . 

jiost valuable In strengthening* the 
U}:\dS^Xt£*M-wi^Mii$^l.n& of the various properties. . As we work 



statements imde by teaohtrs follow: 




]^tW0^' I find an .Aiaoreaslng desir# on the part of 
?C^&:ilsiow reasohp fQ3? operations, naey alio s^ow a 
ll^ ^ to genera S\ 



:ih. ^t<'V?/ iB vary high for 7th and 8th 

r~c^;v>1^»d6^^^ thes#. units* Poor readers 'eneounter loajor 

':;^i,4^:.alif^i^^ a number of my better students have eomplalhed 

;rr'c^utl^t. tne: statements of the exercises were, hard to understand. 

unit than„any^.^of...t^e...O'tber.a .so. 
" Tar^" "Kerns' also muoh tourer for moot of the studfhtsV^ ' 

spent considerable time making various "proofs", i believe 
- this- was-most valuable and will carry .over into -future ma the-; ;4S 
maties work. I am sure the path into algebra will be muoh 
soother for these students than fgv those in "regular" classes. 
.l.nie^_"ls .m»eh here to tie arith^ejl^ft to algebra^' ^diyicfs versaA,:- 
I beW^eve that the material In thl'g unit could ^ao^t'epfectlve^lyf .' 
be taught at the 8th grade level. With some te|viiiqfl i^d ftfla|f#..! 
lificatlon, Ijaan to continue to use It wlttf tjhyiA^^deiera'lieg 
7th grade groups,, ' > ' - '■ ■ ' ' * 



Tte- pSn objective is to lead the students t© achieve bqsxb apwe * ^^J^ 



- .iilitlQn .. o f the uatwe of mathematical syatems . It is not intended sol: 
..deelrahle that t^e ehildres should me&oriie the wlous taULes or driU ':Xl;f 
^for manery of the operatipns introduced here. ' - - =^ • 

— -ThfiAteaoher should read tbifljwl-ti through before begliming to plani^ s.i^<:,^,,'^}i 
his preMita^lm and give oeMlderable thought both to how to preaent - j^^yfi^m^ 
\ aom^lntroductory motivatiOT wd even more how to lead the students to^'^.^s.^i^ 
'' discover '* the various relationships ahd jMfbperties of the unit for .'"i ^Si'^^ifi^f^ii 
_ — themselvea-and-in advMce of the reading of the t 

attmpts to suggest pro W-ems and prooesseA for dol^g thii^as does 1(^^}]M\/ii^'^jp:^ 



-tiacSer's guide. However^ these can only be eff etftlv^Uf^cafefWly ^'/ly/r;^^^^^ 
pliOTed for trj?^.t^p! tfach^rs. The propees ofvdiscdyerlftgr of 'j^erceivlag i:;i'r-r(L'v:. 
for roe's self in a V^l '^t6p in'adbievlng ow major objective: Aii; f'f'>?*#fjl 
appreciation of the nature of .some types of math^a^tie^:systems#/fki^^ 

is close to an appreciation of th© natiufe of modera matbeiMrtioa aja&/?6^^ 

' . V'/.v; ;' V'-^i- 

'the work of ^themat^cians. . ^'^T^^:'V^^^i]. ; 

One of the moat importrat activities of aioden' miLthematioia^ 



1 1 



.tha^searoh^fdr common elements or properties -often Jouiid.J^-^ppairent||f^^^ 
diverse slt^tlms or ayatems. S^etlmes th^se' eo^on* elements ^iM^ '^ -/' ^ - < / 
deliberately built into^new systems whlqjh- are constructed as^ ge^er^liM#b^,^^/i'^<:^^^^ 
tions or abstractions of old systems as wMn the msibir uyM%mm}iA '''V' r ■ ' 



aa^ended from the system of natural nmbips to the whole h^bers to tb^ 
(positive and negative) integers to the rational nim|torit\ "etc .^^^^^^^^^ 




^ ; aa algebraic iiystem with a "nnilti^lication" 

' iS^"^'^'y^ ^g^ i ^'^'' tfa o syatama 'dWveXoped oat O f t h^' iif it ai l «e t ua l ■ e lji' o a' 
v^- and their aeara for patternt in divers© abetraet . 



?y ' 'iituatloDS have been eaetly the tools aaeded uid aelied upon by 

aclwitlffta-ln' their attaek mi the proU.«ma of owe ph^ileal_vorld,,^-The^ 
%ib»mtjro£ ff««P«» wU.eh aetuaUy haa as itj lo^eal beglim^ga the 




pFOpei^iea dlseussed in thia unit , tad its otaronologieal beglBninga, In 
the -aarly 19th eeirturj; to proWeii Mlating to the iplution 6^^^^ 



Ibtrlees^ scm of whleh foria poups and glTe further ©jEamples of the ,^ , , 



j^el^i of tide tmitt were i^ented ^rgely the Engllshm«t ife'^ - f^^^T.^^ 




rley ^ xiitle later* Within csur generation the Gfiron plyelcist 

i liStoSi*fc4iWn^ haa used matrices ijn the f ©iroilation of the quantum 

H^^r^-'W^- ■ ^ ■ .... . 



Kiyt^i'^rn "i^'^'c. ■ . . ' ........ ^ . 

• ^ W^&niei\»'0' iBipoAant in modem physios. Analogous- stories rejate the ^ 



Hareoni- babfc t&' Aha ^diltfergfitial. equation*' 
that all the outgrowths of *Ein6tein's relatlvi'^ : 
of the tensor ealpulus developed hiy the^^ 
'"^SiiAi^ LeTi-Civita, All of these storleg have 

■■l^^4^'^'?;t|e^^^ and scientists are always seeking 

^i|i^£lg"pr^ frequently mathematics developed solej^y 

. fer^thft-d&trte properties and struAu^e is later found 

to' .fit'^li]^"^^^ beth seienee and mathematles we . need 

..._.„.to -.divetopi-aliillSi^lSMi^ underatand „paM?ms4nd ..tt^^ 

' X-.Jk;-lMnl--mi%y^^i^^^lM^^i tothAmtleal systems Iwolv^ 



'elemehts'^d :^baiiry ^leHi^l^V' .-Sueh ^stOTS which have eertaln simple 
•ddil^on^iiropeWieli-vftJW^^ and their study i» a fflajor 
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conmiatatfl^ « aBBQclatlTa . and diatrlbutive i^pertiesi as > -'.i 



well at the .eoneepts fit e^oBUra . i i^«Tit.4 jglement » j^mmra^ ' 



2* ^^eased i&iterstandizig of i^e tovsgse ' wegatlOBS of dl^glsias 



^I^^fi? - ,^and subtraetlon and their relationship to inversa and '''^nt^ 



(laro.and ona) alofflenta. \ 



Additional dlsou^siona of these Ideas ud proU^ aaterlals laaj be 



found In 



Carl B« Allendoerfer and Clatua 0. Oakler, Mnclples of ' Mathematics. . 

New Iprk: lfeGraw-m.11 Book 8om|w7, Ine.^ 19§§ /'j' . ^ 

W* W* Sawyer, Prelude to Mathematlos a Baltlmorep Md, t Penguin '^^i^-AiL • 

Books, 1955 . ' 1\: ^..^ 

B# W# Jones ElmentaCT Coneepta ^thematlos m Nev Xorki The 
Maantllan Goapanji ' ^ '^^ ^ 




^^^^-^^^lli^Mirides ihe familial^ 



skills aad Abliltleg 
.1. To add Ifi fflodular lituations* 



^i^-''-'H!r"' ''studyini' taties.,.^ 



an i^ntity for additlpn* ' 
SuUnetlon li tRfe inverse of 



To appreeiate that the propat^iis^ 



-of Jfiodidap additloii - ag# ^^rti Itf'V'^* ^t^si't^^'^ 
to thoss of ordinary addltlos, / ^ 



To sutrtrae%'-ih modular situatiens* 



■ m 



addition. 



5^) 
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■■ ji..Mij>t^lNs^i ■ I. jX^ .^,„-„„„.^^_ — 

':'.«3Miint need not be different 



^ 'i ' -*^ <j^^: f^^g^ 1^ ag^; 



rV ' 'V, tori* Wen be In -ths original 
^i^^S^fby^^^ past ^ im^^4:^;j;;^ 
3,.-'' f -^.i.,,." ^' • - ' ■, ' " - 




/ 



n 



A set Is closed under an . 
^oration if f pr any two 
members of th^' set, the \ 
pFOoess aasDolates with them 



To 'dealde whether a set is 
alaa^d to ah operation. 



a fteaher of t 



he same set. 



ll1iT-T,t,r|rr jfnUI 



In discussion bring out th^% whenever ws hkvm a imy to \ 
, aesociate witb two ^hl^gs 4 3^ ^^b^ (ud onl^ ofie 3XH|;qni&}, 
vW call tbat proaiss an oparatlen. ' '^ ^; 

QiTO ssae exa^los of pn^n^ma ir^^b are dpe^&tioni Mid.' - 
■'aooe which are Bot| ' - '' 



i t J 



e*g*| for natural nimbeifs ^ a^d b| idb a t b 



2 • a + 3 • b br let it mean 2 a^ —3 • -b* * Tlieso- . ' - 

^ . . ■ '. , ^ • ' ■ • ... . ■ ! ■ ... ' ^ . , ■ :-. ■ ■ \ . ^ ■ ^ . ^ .... i ■ 

arr operations bsaausif for ttr^^ tv& fiatuxmlvnumbei'ii^ ' 
b^ there m^y be; aLWlqus natural: hiMber4 KowdTor^ 



this system is no-fr ciofled because if b>ip aqisal to oS* 



p-eater than ^ ■ tfiere is no natiiraL fiipbe^^^^^ 
2a - 3b. ftit if a b means to trics^ tid.ce opi. of them 

. ■ , : ^ 

and then add the ©therrwe 'do ^ot aliiSy«^g^ 



nattiral nimber (there aj?a two pjsdibillti#a)r so this' 
is not an operation. ' ^ ' 

^ercises ^2 . , ^ 



3« Eb^laln - We si^ a set is closed to u oj^ration if Wfl-caii- al%r^^ 
do that operation on two members of the set and whfft we dovwe ■ 
gat a member of the sat. (the "two" members of the set iBsy be the 
same one, like 2 + 2) ' . ' 

.^..„„^.*^w^Give^SGme^exa^ of set s-^ closed ^tQ-^^er^aln-^operationSj ----^^ 
.^^-^sufib.as^ ^ ' _ _ _ 

The get of oTen noi* is closed to since for any iw© 
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■•■-H<^'yV 




ii*f*sl!li|'f^^«/*^*-'A-i\ , . . ... . 



opemt&OEii ahd oertala properties 



eofioernlng the operations or 
mwtaers of %lie set 



-4 



A membtf^ of .a system is w 
lden%itf for a given opera- 
tion if the result of applying 



'the operatios^ to it and any 



' msiAiiT of the systea is that 



To Identic an identity . 



158' ■ ■ ■l'G3 
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, V* 




iiyfil noQ, we ,€an add 4nd ve almys get an even no* / ^ .'d 



^"r:r.Atrv^r^ ^ i--^ ^ Th© aam© set ^lo* elosed* to- bfee^uae the -operation ^i^i^^fM 
ll'M%%nxAC3* Tell tha dtudenta That they are to -choose the entries In* tl^ 



, . . V tahlij remind tlSem of the kywmtry test for commutativity. ' ,rU 

At;,\l;kplain.- Ve h^ve leen that there are ather^mtheaaliesftthto ^ , 

; * # ^ erdlniry arithmetlo. ^odular arittoetles are eamplas ; ^ * 



of algeteale lyateas . " , [ ■ , ^ ^ 



V An nlgebtralc ayst^ consist* of ^a iet jof things (not" neees* 



sarlly" numbers)! .jone^or more ©paraticvasi" and aoae^ruleSj or 
properties^ eonMrnlng the operations and 'the thlsgs in the 

. . ...... : - . = o . . .. .= . ... e t ; ..... ^ J . * ^ ^ 

set *- - # -- -_. » 1 m * ^- ..^ . .^^^ a^ ^ ^ 



Poi|it . out that * for the modular^iiyitams ^e tove all these 
things I- so they- are mathemtical systems. * — - 
IbEplain - Zero Is the identity ^for additlonr' ordina^ry iarit^etic* 



^Thia me^s that' iiriien we add it to ,ar^^ number ve get that 
number* < 



In any mat^wtical w^Btmm^ if ve find a mraber ud an ^ / 
operation so t hat. when w^^i^ppjy that op^ratlpn t©Vthl#^ 



member a^d another we get the otha^f then we call that 
special member an "identity i^r thatt^perati^ni'^^ _^ ^ 
Aik Wiat is the Identity foy asultiplication in ordinai^^ , - v 
' arithmetic f . ^ * ^ ' ^ 

^HaTe "Students ^make a 5-^lei^k,- using ^S"* rather 'tton^'O*"^"" ^"^ 

-and-point-out-that 5 is thfe identity^ for add 

* • V ' ■ • - ■ 



(it was labeled '*0" before. The point hare^k that it 



need not be 0«) 
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5*- If there is aiS Identity for an 5. To daaide whether a maotoer of . • 

Opf lotion in 11 BathOTati^l . a system has an in^^se for a 

^^^^ "S:^ result of glvan qpeiytion. A so^ to^ % 



4. 



applyjAg the operttioh^o two 
§ of th© system is thit 

' ■ 14!iJ^tityV their these mimbers are 

ealltd inye^ie© of eaeh bther. 



IdtntiiV it. 



0 



0 

'ffe* EifflberB of a mathematlc; 

systtfii may not ba Difiab^ra^ 



£b some mathsiiiatia^i ^j ^^i^^ia^ 
the maabors^are mutit*t4d oi 
som^ kind* 



In systOTS involving motions: 
Tu MGomlEa the^emD»rs, ^ 
To apply the operations, 

dac£de the propartiea of 
the operations, 

Tq Identify and u%a mb / 

Idantlty, ^, 

To idantlfy and use lnverses# 



.4 
i 



0, 
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;5» ;^cplaih*- for the o^ra^on of additiQn, in mod &-we toTs * 
. . identity (named "0" or "5"i *s we chooaa^^* * 

Aak - ^ in this math^oatioal aystin* Vfeat mast w@ add ^ 
J, to it to get %he identity? Repeat question for 1, Ai ' ^ 
5* Point out that for e^ry iaeiber of the ay stem there ' 
li scmetUy.ng that %Bn be added to produce the Identity. 
^We ^proVe" this by noting that thf identity la to be 
> fp^d sraewhere on eaah line of the table* 
^ l3^alrt''- If we add twi thin^i and get^ the Identdty^ then^^ "^^^^ 

wf call them "inveysea of eacri other*" ^ 

^ ' 2 is tbi Inverse of J, J la tfc^ i'averse of 2* 

. • • i . '4 

# * '-^^ Exerciaea -p 5 ^ 

^6. Review the definition of an algebiiaio ayatem« . 
ft 

# E^laln ^ There ar^ algebraic systems without numbera In thw* 

^ # Just by Siting tables we o^uld make up lota of them. But 

^ * let ^3 make up anf^algetoaie systm of ehangea pt a rectangle* 

Mbvida studp&ts w^h rectangles for rotating* ' ^ 

- ' these ran be oardbQai^i ligbt bookap et^* ^ , 

Explain - TUe things in tkda s^st^ "w^J^ A^t be mmhwB^ bat will 

. ^ be changes lin the position of a irectug^^ - . 

We win mark the^coxiierSy knd .vlll cnange the rectangle so ^ 

# ' tha^ it has the sue appearance as when*" we stu'ted, exaept 

* - that the mJLrks on the coraers can be moved ^oimd. e 

■ ' ^ m ^ - 
■ , ^ % ^ Let us see changes will ^ in our system* 

' ■ ' - ^ ^' ^ . 

^ Shofl^'the changes which would result trm rotatlgna about borliontal 

«q4-vertical a^ea and^ rotating In the plane of the reetangl4* 
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JBall these |HS and 'RS jeapectivelyi 



fi^laia • Anotlwr ahange ii the one vhiah leaves eiaotly * 
it 'is (either leave it alone, change "l^ in such 
a way tlat At ends up eaotly ar it is). 
Call this ehange U*« 
These 4 things will be the memberi ©f our systta,^, 

^ ■ *■ = 

I fil^lain - Now let's define mm operation* " * 

•■ ■ • * ' -■ t ■■ , ■ ■*□■•=-.. 

. Our opention will be to do first one ohange and then another* 
Have glass make up a nemm for the operati^, suoh as 

^ * "multiplieation" or "ohangif loation** * 

^ ... ^ ~ 

Have them also nake up an operation symbol , @uoh as 
^ iiH*V» or "HoV"* 

Start class filling in a table for this operation and let 
thTO finish it individually* 

Ask • Vftist are the properties of this operation? 

_** _ _ 

.Save students find 

That it is in faot an operation # 

That it is QODmutative. 

That it is asaooiative (this will take a lot of checking) 
There is an identity. \ ^ 

There is an inverse for myBry member, 
Ejceroisea - 6 

Note that the coinautativity of ♦ and r\j la aho\m by the symoetrie 
arrangement of the elements In the table* 

. _ % • 

Srae introduction to l^^jtant aspects of deductive reasoning is 
possible here — for ero^ple In 4* sTerv combination would have to be 
tried to prove the aisoclativB principle to hold, but only one 
*cetaaier feB^le** wouH bg nee^edj to prove that it did ioot hold* - 



0 



Modular arittaeti4.£i 
thought of as algebi ale 
fyst^mi with two oymv^iiuu^ . 



8. To ealeulata in modulai' 
arlthaetlass 



1 



0 times any member la 0. 
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1^8 ■■: 
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Exerelses • 7 

7«^Ask - Do thf cmtural num^ra make up a fflathematlaal sjstem? 

Dlsau9§ thiSj having students give .properties, 
j Two operatlctos^ + aiid • for whieh there is eloma^e, 

CQimmitatiTlty, asaooiatiylty, and distrlbati^ity for 
multiplloatlon oyer additions / 

Two operations, subtraatlon and division for which there ^ 
is not olpqirey^and whioh are not eommtatlve or assooim- 
tiva* . 

There is m identity for none for +. ^ 
Ho nmber except 1 has an inverse for multiplication* 
Since there is no identity for +| there is no question to 
ask ahout inverses. 
* ^qplAln - The whole numters make up a mttomatl^l. system^ too. 
Describe Its set as the set of natural numbers with zero 
put in. 

^ ^Repeat the dlsousiion as for the system of natural noSi 

Exercises ^8 

8# E^laln'^ We hava sean modular arithmetic for addition. If we 
put in multipllc|ttion we will get d|.ff ©rent matheMtlcal 
systems* With both operatlc^na they wiild be m^e like 
ordiiAry arittaietlc* 

Have student s mke multiplication tables ^f^r mod S^^^d 
mod 8 «id list the propertlesi f , . > 

UoOTButatlvity, associativity, .clo#^e«; . . . ^ ^ft^ 




Inverses for mod 5 r in mod &^ot ■ ey^xy ' elJ^fflt^t s^K' ^; 



an inverse • ) 4' 1 ^ 

0 times anything Is 0.^^^^ K % ^ ' •■ ' / ^-^^jP^'- 
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ba £arD ill 8@a@ ^iti^s* 



|to4tjWi*:lA^|>j|m the 



To identify and, ctylew the 
propfrtiBs of aodyiar. 
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To v%fofiiX^p whetharVtfor 

two 0peratipns the c|i^tri*^j 

' ' " ^ . ^.■ 

lOne^Wer the othsf*.^^ ^ ^ 



•■i. 



\ 
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■If a prodwct is geroi at least one factor is lero, 

in mod 5. This is not true in mod 8 arithm^e. 

^ VnThe inverse of multiplication (division) is always 

< :* ' possibls in mod 5 ^as long as .the dlvlsw is not 

; zero. Division is not always possible in mod 8 

; / arithmetiCf ©van with a non-zero dlvlsw*^ 

Hpfr consider mod S and mod 8 arithmetio with both opera 

"tlons* Have students cheek whether the distritatlve 

property for multiplication over addition holds. 

' : (Soma deduction is possible here, since it <iaj! be, 

reasoned that we do oalciJ^tions in wtole numbers 

and then take away multiples of the modulus. 

Therefore, since the distributive property holds 

IS 

for whole nmbers, it will hold for modular 

arithmetics,) 

Have student a check to see whether, in mod 5 and mod 8 
addition is distributive over miultipiffeatloss 

(whether for any a, b, c, a + (b*c) m (fit.tb)»(a+c) 



Do 5 some arithmetic exerc>^ffi in modular H^flhmCtics, 
including finding square roots, (Ej^^lain that to. find a 
square root of a nuaiber, w© find the number (,s) which when 
multiplied by itself give that original niwaber.) 
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Emrcise 1 
Mod -3^ 
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Mod 5 



Mod 6 



1 "• 
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1 


2 3 
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4 ? 




o 


ft 1 P 0 
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2 3 
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. 0 
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4 5 




f - . -• . 


Ji 


, i J& V 
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1 A 
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1 
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5 0 








^ U X £ 
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L 0 
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2 
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■ 5, 


0 1 








\ . 3 
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0 1 
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1 2 
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1 2 
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4 
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2 3 
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'Mods 
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1 2 3 4 5 
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0 
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2 3 4 5 6 
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.3 4 5 6 7 
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1 
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4 5 6 7 0 
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5 6 7 0 1 
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4 
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6 7 0 1 ? 


3 


4 


5 
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7 0 12 3 


4 


5 


6 




















1 + 2=3 








4 = 


3 








(: 


} * 4) 


-3 = 4 ^ 




3-1 = 2 






4 ' 


0 = 


4 












■p ^ ^ J. 




0-3=2 






(3 + 


2) 




= 4 






(] 


I - 4) 


+ 4=1. 




4*+ 1 B 0 






3 * 




- 4) 


= 4 






3 


+ (3 ■ 


- 1) - 0 




3 + 2 s 0 






(4 - 


2) 


♦ 3 


= 0 






(; 


} + 2) 


+ (2 - 1) - 
































3 * 4 ='2 






(3 - 


■ 1) 


+ (2 


* 4) 


=3 




^) 


+ (1) - (1) 




1-2 = 4 






4 - 




- 3) 


= 0 








= 0 . 


X - ■ 






5-2 = 1 




















































' 3. 


4 timesi at 3| 


in 


the 


saffls 


posi tion 













(4 - 3) 



Dlvld© tb« time by 5 and the remftlnder gives you the position of 



the cloek hand. 
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Exercise 2 
(a) 1 



(a) .12''' 
, 168 



(D) ;6 

(c) a 

(e) 3. 

• (f ) 11 



(b) 


4 


(c) 


2 


(d) 


5 


Te) 


a 


(f)'* 


1 



ftSSOO » ) 



bp and p arii ocmmtBLtivm ' ' ^ 

all and m srm aasoQiatlVBi In h, 3 +(5 +7) for exw^le, is not 
defined* ' ""\ " ' .'v 

Look for symmt^ of nwaMre to diagosal upper left to lower rl^t 
(a) vltep No ^ 



(to) las I Xbb 

(c) Tea, las 

(d) las^ Xas 

.Ja^ 

(f) las, tmk 

(g) Ho, No 

(h) Xasi Yes 
(1) fas, J^s 





3 


? 


7 


? 


3 


^12 


16 


20 


24 


5 


16 


20 


24 


28 


.7 


20 


'24 


28 


32 


9 


24 


28 


32 


36 
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iH^ 

7 



J 4 



5 6 7 

8 9 10 

10 U 12 13 

13 U 15 16 



Exerelsa 3 ■ , * 

I* A| ^aod e Kpe olosed 

bi d art not elosad, because other nunbers arise t^t are not In 

either eolunn or row on the outside. 




(g) dlostd 



(d) not alosed 

(e) elosed 

(f ) elostd (this is assiu^Bg 

10 - 15 - -5 has meting iwe) 

(k) not closed 

(1) closed ■ [, 

(m) not closed 



1. 



U) table a. ^ 5, tatte c - 12, table d - 0, table e - 2 ^ ^ . ^ 
(b) table a - 1 4, 2 t 3i 5 ^ 5^ lea ^ 

table 0 - 1 * 11, 2 * 10, 3 *9, 4^+ 8, 5 * 7, 6;-^ 6, 12 * 12| let 

ft- 

table d - 0 + 0| No 
• table e- 2 + 2, 3 + 1 j Yes 



Ixereise 5 

1, (a) Yes (b) lea. (c) Xes (d) lea 

2. 1^ means first do nothing and then fUp the triangle about the 
■vert leal axes 



will result 
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(a) a 



0 


I 


M 


1 


1 


M 


M 


^ M 


I 



(c) The operation is both oOTroitative .mA assQeiative. 

(d) Yes, I . ^ 

(e) y ri, eac h mem^r li its ownj^:^erse „ 
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H 




H 
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4. 


k 


B 




D 


A 




D 


C 




C 


B 



la not commtatlTt 
Thire is an identity qhaAge^ I 
Eaoh ehange has aa inirtrss 





H 
V 



5. ± 

0 
X 



Si 
H 

V 
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1 



1 

0 







1 








I 






H 
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H 


H 


Sa 






Sl 


H 





h 


H 


V 






H 


V 


Tha operation la 


H 


Sl 


H 


HOT aramutatlTe. 


Sl 


1 


H 


There la an identity 


V ' 


H 


Sl 


ahangei I 




% 


R3 




IN 




,% 





'4'.-. '^f. " ''^i* 



same as table to left 
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7. 



,,;(.)^^Vi*;#"*lr|»P"«»*» of t«o Mr* ewltcbes. , , , • . ' 

(V) The title wuia N the aaae as "the taW-e ia 3 ©f thii- «erelift. 

■•(d) No v ' ' . ■ • " ' 

(e) N© . ; \ ^'"^ ■ . * / , ' ' ' 

m El 

IXI IXI lil 
ffil * IXI 



I 

Si 
^1 

XI * 83 



.1X1 


1 




III 










IXI 


1 


XI 


IXI 


S5 








X 




J 




S3 






H 




I ■ 




I 


% 


sa 


S3 


84 


S5' 


The bpwration la HOT eoiEtttati've 


Si 




H 




S5 


S4 


53 




There la an identity eb^age 


^2 




H 


S3 


S4 


^5 


1 




and Mah abaAgt has aa Iwers©* 


H 

1 








Sl 


I 


S5 


S4 




. - S4 








I 


^1 




S3 


• 






k 




• S3 


Sz 


Sl 


1 























^nrdlse 6 
1, Ca), R (by X 

(hY *r 4 (1) ^ 



(c) 1 ^ 

(i3 w 



(e) Pi 
(1) ?2 



(f) .(i) 'Po 



td) W 
(k) R 

a. * - Po . pu,^ - ^ 

3i * ii eoottHtatATe — » proof here A^ould be to dmonstwte that eraa- 
jTOtatl^ty holds for all^patrs df elements in tbm set. The truth 
of thla ean \W jMep ft*om the. taM-o page M« Note eynaatXT of taWe 

: " ^ is eoBiwtatlve pr to^-table e, page 14« 

if:,:'* ''C,:v.-/I^'':^^ .^.v ; 



I 



. (a) Po Pa) * * P3 

''l|iir;.'.(b)^:'P3 ■ 'in^: ; (g) x 

; V . I«s^ th© way in which the three ^^Itminti art bptra'^d amkes 
differtnoa -r thp aaro afis^e^ apptars* ^ ^ 

could prove this % demoBstrating tbitt .asSQbisi^Vity he^ 
' sll cQmbinations of triple ilementWiin the set*/ ; . 

To prate you wrohg> .TOmeanb else would »aed only to f toA one aasi' 
■ . V that 3jB,a not associative. . , * , 
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!• (a) Properties of closi^a, a<wmutatiYlty , asaoalativityi idiBtity 
element for imiltipli(eatlojQ# No inverse ^ 
.(b) 3snie as (a) above ^plus the identity .element for addition, 
(a) Properties of closure, aomnmtativltyi. a^aociativiiy, Idtotltj- 

elenent for multiplication* Np inverse ^ ^ . 

(d) Sflme as (e) above, mioua the identity alemint 

• ■ _ i-. " ' . ' ' ' \ 1, . 

(a) ^ft'opfrtlee of aloaura, aommutatlvityi Assoalitivity, Idfhti*: 

eiemen.t for addltio^i Ho In^^ge ' ^ * • 

(f) Saae as (e) abo^ni/ . \ _ .\ 

Ui) Sime as (e) above , mlnua the. identity elaxato-ft .1 *^ 

(h) Not elosedi does have ^opartles'of aajputatiylty m 

- asseaiativityi no identity element. No in^^iri^ ; 

.2- 3^^^ Pfflpleta fables, ^f^^^^ ^ 



of elements la, .Ihf inite . - J^ • ! >. 



I? 



1. 



(e) 6. 

.1 
(e) 6 

(i). a 



2. 



(h) 


i: 


.(1) 


5 

0 




1 




1 




0 . 




9 




6 


■ U) 


3 




A 


.'(a) 


7 




6 


' (SI 


2 


(a) 


1 


;■ .(*) 


0 







^ '8 



4:^ 



■V ^J), -0, 
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A,. 



4 



.* , 1 , 

• ' (p) 6 
(e) 0 • 

(ry 1 

(_g) . 2 ■ 
■ (h)': 5 V 

' . (It) ,0 

(m) 0 

• . (n) 5 

(oi 6 

B 

.(a) 6 

(b) 7 

' U) 6 

' ' U); 5' 



, (e) 6^ 





',.1 .'T'iL,,.^.,.^,*^ .i^^. 



6, ' 



(c) 7 • - 



(g) 6 

(h) 
(i) 



(b) 6 

(s) 7 

1^ 



1 



Yes • 
CD Xes , . 

5» ta)" 3 is- the square root 









square 


(b). 


Yes, 1 




No 


(d) 


Yes, 3 


(e) 


Yes, i 



-4' 



(h). 


8 












8 






_7. 




(k) 


Mod 7 




(1) 






; Aia:th# square root of 4| 4 is the * 




Of 1| ani 0 Is the , ^ 




Niifflber 


SouM'e Boots of the Number 




0 






1 


^ 1 mnd 5 




2 






3 


//3 r • , ■ . 






/ Z asd 4 - ; ^ 






/ none 









6, (a)' 4, 9, i6, 25, •te. 

, - (b) YeS ' . j ® 

( ' ' -. • ^ ' , . - . . - , 

'{ (c) No, 2 doesHriot lave a square rpo^ In the' system of liatifffll nmte^ 

:..:_j[dLute~=^-.-t.-^- : : . i^: _,:„,^.„„...„^ 



r ,4 =^9 . 16„_25 . ., J6„.49. ..64„ 81„10p„ 
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tSq. Rbbts 

"S: ii-of the Nunberjl 2 3 4» X. f " ^ V ^ 



PABT I. TBDE - PAISE, 




-T^ i., lOfieratlon^j can tie de ed by tables. 



'.'a', symbol can be m^de to mean anything providing vb define ' 



P j^, .^fiie 'identity for multiplication In ordinal^ arltlmetlc iS; 

. I, ZBTOm'^- ' ',■ - . . , . ■ ^ — — ^ — . , , . — , .. , ..,.„^^- % „„ , 

F Ij. The Identity for addition In ordinary arltlmetle Ig-cme. 

T 5. Thi Identity for addltloh with a 4-mlnute clock (imdular 

6. The additive inverse of ^ In the mod k system p."^.. 



T 
T 



7;. In ordinary arithmetic, tfhe inverse of aivlslon5|^ 4 1 



ffiultlplloation by 4, 
J 8. All algebraic systems are sets of numbers.' 

... _ ... ^ : ■ ^ . ... ... . . , , . 

T 9. — In mod 6 arithmetic, 0 « 2, - ' , . ' % 

^Xo'^iNigitlve' numbers bre not"nee"ded- in moaular^-systems,,-- --^^ 



^ . PART 11. COMPUTATION, 

Find the st^sr , ' " - 

<11) 1. (9 + 2) mod 12 
( 0) a. (5+^+3) mod 6 
Find the -differences: , ^ 
(3) 3. (5 - 2) mod 6 

( 5) i^.. (3 - 5) mod 7 
FindA^he products'. 



( 6) 5. [{3 + 7) X 6] mod 9 

(' i) 6. 3^ a^d 8 




1 



-1T6 '■ - 




a 11 



.-..5!.. .#"»-t, ■4>.-i-i;i'>.i^Ui?Ti.>''<'l4lBitX?t%4!-^.)^^ 



:..;V 



PAR3? III. mmitm choice, -- ^v^,^.^ 

^Ehls^i^i^ atsorlbes a a^ttttmatloal systam* it Is to : tie 

used In aiiswaring questions 1, 2, and 3 bilow. - 



0 


A 


B 






A 


C 


ft 






ft 


0 


A 


B 


c 


C 


A 


a 


C 




D 


S 




0 





1. Which one of tha following ataL^m^ta ii trtie?^^^^^^^^^^ ; . 
A* ^ Tha set (a^ C^ D) la not oloaad with" ape 0 1 to^ 



'OpaMtlon^jQ 
*B . Tiim opt ration Q Is oonoaiut at i va i 



^ Tha opa 



n Q is oommutiftlva ;Cer only tlgmants ^ A ind 



D. : The operation (p Is not associative. 
Eg Nona Of tha^ above ^ 
^ Tha Identity for tha opel^atlon Q isi 

both A arid B . ' ^ 



a 



.:^...^_nffiBt_tttJbha :a 
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' 'C.Ci, -only A and C have ihvtrses, ' • - ■ 

ip,; none o| the elements has an inverse. # 

•E. ..all the elements have Inverses^ - 

, . ■ . .. , 

k. For wshat modulus Is 2 - 5 true? . ' ^ . N 





A. 


mod 9 fl ^ 








mod 6 * B * ^ 








, . . .. . .. % ■ , * ■ 

mod 8 








mod 7/\ ^ i ^ ^ 








none of the above , 




i - - 


■ %i 


^tht system consisting of the 


sat. of odd nuabei*s and the 



* * ^ope^ation of multlplloatlom 



A* th# system Is not closed* ^ ; ^-^4^. 

^ B, the system Is not OQimautatlve, 7 ^ ^ 



C« the system; has no Iderttlty element* ; ^ 
♦D. v none of "Wia above Is cott^ot. / . ; 
Vall of the above are correct » " ' 
6> For the system ^consisting ot the set of even whole mmb^ 
arid the . operatic ' • 
A* : the system ^^i ^ '-ff ''^^-^^: ^ 
w the systto h Identity element, - / , 
: C> ^ system has an Inverse ^ for mddltlon for each element * ^ 
: all of the above are corrects . ^ 
•E.^one- Of the' abbve Is correct , . ' 
7./' A math^flfetical system consists of several things, Wiloh of 
the following la^, ^way a riecessaiTf In , a- mathemgtlqal ^ste m? ^ 
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!rj\ 'tHi^/^inii^ has titfo Idririfcl&al . f^Gto±*ar. via call one of the 



l!*Ji-;^-:> tjtie square root; pf tha'^prbduct^' 



'1^ If 



:'.rl 'V'.'- . ■ 



%Ui."4i^a^fclon^ 10, lli an^ 12 telow. ^fl^©'^ set' of Elements In our . sys'tem.-'' v' ' 



/. '^itte ..' eii^ents f are"; " 





' ^c-I^iteans .l^^^^ ^jg maans flip on maais /^ll^ on R meanp turn' f " 
X /alone hotflzont^l tha vertl'a^v f ^ halfviay aroimd : ; ■ 

'.r.V- ' J^aftlfir^-'' ^ , axla ■ ita canter /r^'^:;; 




ERJC- ^^jft^ ;- v " ^ 



1, Maka a statement about the ability lav^l of . the- pupils' In th# * 1 
class and stats whether your school usee some plan of homo- ^ \ 

\ gansous gi*oujlng . t< 

• .'_,"=•- .^i ■ '.J . i. , . - V . - - ' ■ ^ , . . . ■ , •. \. V- . .-..F ' • •■ . ■ , '.i "J- 

2, What parts of the unit proved to be the most teachable? ' 

3, iniat parts of the unit proved to be the most difficult to 

, ^ teach? • _ . ^ . ^ - . r - ^ 

Did you omit any part? ' 




Did you" use any supplementary dev^elopmental matarlirls?^ 



If BO^ .what were they^ and at what points were they used? 

Did you find It necessary to ptovlde t^ pupils with addltton-i^^ 
mL material? \^ - \-' 

If so, was it from textbooka or did you write y6ur own? 

6v Do you; think that a unit on this' topic should be Included in; 
regulaj^ textbooks f or aimd 8th grades? y \ : ' )] 

t^ ^ Pleas© make iUW additional cpimM teachihg ex* 

perierioe with this unit' itfhlch you thJiik would be helpful to 
the Panel respbnslbTle for preparing *and experimenting with 
textbook materials for grades 7 and 8. 




.a ^^^^ ^^^^^ -1 ^ 

!\;>''7?'^5\7""'?t^>'aTO of Oteaohers" Comaenlvs 

* '^u#liytf^o teaohe|.b- reported on unit XlVi both had pupils f^^^ . 
SSw^aSuttyT tooth thSught the naterlal should he Inoluded in 
Sl^lvdS&i'^feKide cuyrlculumj no' imter^tfl was. omlttedj one teacher 
^p|,8jfe:sv-«?«i-the other spent 10 days on "this unit. ^ 

i^" *lSa^'^SLdheir:to^ the Irttroductory material to acerctBes'4 
jgt£^6t%9 teabh.,7aie other, found retttangle changes easiest. ®ie 
fpX;i.5*4|ig poirtts wtre mentldned 'as' being difficult to teach; , • . 



Matlvation for the corioejpts of closu3?e and inverses. 

"Problem 3 of aderclBes 5 needs careful explanation .%"- Jhe 
following additional ihfoimation was , tiorisiaere'S useful^,, 
Ttie axes Will remain stationary! e.g. the flip about the 
axis^throtigh^B in the-fipire will alrayr he- a rfllp-about 
a vertical , axis. This is Important when suelwa flip 
follows the turning of the triangle' about it C center. 
BbEample: First (tum'the triangle ^120° ahout its center) 
then (flip about the vertical/axls) would be represented 
by the following, sketches: r ■ - 



